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Abstract

The notion of covering maps between graphs is essentially a restriction to the
case of graphs (as, say, one dimensional simplicial complexes) of the general
topological notion of covering map. It is described in purely combinatorial
terms as a mapping of graphs that maps the neighbours of a vertex one-to-one
onto the neighbours of its image vertex (We will later refine this slightly to

properly account for multiple edges and loops).

Covering maps have received considerable attention from several different
points of view. For example, Leighton’s remarkable theorem on common finite
coverings [17] was inspired by Angluin’s application of coverings to problems in
multi-processor networks [4], and in turn was found to have connections with
deep algebraic questions related to groups acting on trees (Bass and Kulkarni
[6]). Graph coverings are naturally related to subgroups of free groups; see
Stillwell [26] and Stallings [25], for example. Finally, as purely graph theoretic
objects, they were studied by Gross and Tucker [11], [12], Negami [22] and

Archdeacon and Richter [5], among others.

The main theme of this work is the introduction of a probabilistic structure
on the set of graphs that cover a fixed base graph. We call such graphs lifts of the
base graph, to distinguish from other uses of the term “cover” in graph theory.
This point of view enables one to apply the powerful probabilistic method to

questions concerning lifts. We may investigate what a typical lift looks like, and
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for instance prove the existence of lifts having properties that may be hard to
construct explicitly. Some results of this kind appear in chapter 2.

Moreover, we can “forget” that the random graphs we generate cover some
base graph, and view our model as some sort of random model for (a special
class of) graphs. Inasmuch as the probabilistic method is used to prove existence
theorems of graphs with extremal properties, a new model for random graphs
(complete with “knobs” we can fiddle with) may be a useful addition to our
arsenal.

“ran-

In a different direction, we may hope that the model can be used to
domize” a given graph, in the following sense. Suppose we wish to calculate, or
approximate, some invariant of a graph G. It is often the case that the invariant
is hard to determine efficiently, but an efficient algorithm is known to work on
a random graph. We can now run the algorithm on a random lift G of G, hop-
ing that it is “sufficiently random” so that the algorithm runs reliably, but still
“sufficiently similar” to G itself so the result is close to the original invariant.
We hope to pursue this idea in the future. Some promising first steps are the
results on the chromatic number in chapter 3.

In chapter 1 we introduce the model and prove the first property of random
lifts: a random lift of a graph G is almost surely 6(G)-connected, provided
0(G) > 3. Here §(G) is the minimal degree of G. In addition, we investigate
the relation between our random model which actually generates labeled random
lifts, and the more naturally defined unlabeled lifts. This is similar to the results
on labeled and unlabeled random graphs.

In chapter 2 we turn to edge expansion properties. We prove that random
lifts of a fixed base graph have edge expansion bounded away from 0. We then
obtain numerical bounds on the edge expansion of lifts of the bouquet graphs
B;. Using the method of e-nets, we improve the naive union bound usually
used in such investigations and exhibit better bounds for the edge expansion of

regular graphs than were available before.
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In the final chapter we study the independence number and chromatic num-
ber of random lifts. For the independence number, upper and lower bounds
are obtained as solutions to certain optimization problems on the base graph.
For a graph G with chromatic number x and fractional chromatic number xy,
we show that the chromatic number of typical lifts is bounded from below by
const - \/x/log x and also by const - xs/log? xs. We have examples of graphs

where the chromatic number of the lift equals x almost surely, and others where

it is a.s. O(x/ log x).
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Chapter 1

Basic Definitions and

Connectivity

We begin by describing our simple model for random graphs that have an n-
fold covering map onto a fixed finite base graph. Roughly, given a base graph
G and an integer n, we form a random graph by replacing each vertex of G by
a set of n vertices, and joining these sets by random matchings whenever the
corresponding vertices are adjacent in G. The resulting graph covers (is a lift
of) the original graph in the sense that the two are locally isomorphic. The
main specific result that we prove in this chapter (Theorem 1) is that if 6 > 3
is the smallest vertex degree in (G, then almost all n-lifts of G are d-connected.
We also discuss the important connection between the labeled and unlabeled

random models.

1.1 Introduction

In this section we describe the model and its basic properties. Section 1.2

contains our first application of the model, showing that almost every lift of

1



a graph with minimal degree ¢ is d-connected. In section 1.3 we return to
the model itself, showing the equivalence between the models of labeled and
unlabeled lifts. Finally in Section 1.4 we present variations and generalizations

of the model, some of which we will utilize in forthcoming papers.

1.1.1 Lifts

Let G and G be graphs (possibly with multiple edges and loops), and let 7 :
G — G be a graph homomorphism, namely a pair of maps V(G) — V(G) and
E(G) — E(G) that preserve adjacency. 7 is a covering if the star of each vertex
veGis mapped bijectively to the star of its image 70, where a star is the

collection of edges emanating from a vertex. A loop is considered as two edges
in the star.

We call G the base graph and the inverse image 7 !(v) is called a fiber,
denoted G,. We use suggestive terms such as “v lies above v” when 70 = v etc.
Indeed it is best to visualize G, as a vertical stack of vertices above v. It is easy
to see that the inverse image of an edge [u,v] sets a bijective correspondence
between éu and év, since each @ in éu is connected to precisely one v in év.

In particular all the fibers have the same cardinality (when the base graph
is connected). This common cardinality is called the degree of the covering; if
this is finite and equal to n we call ™ an n-covering. Every path in G is covered
by n disjoint paths in G, called the liftings of the path. This is the well-known
unique path-lifting property of coverings.

We emphasize that a covering, as an object, consists of the graph G together
with the covering projection © : G — G. Two coverings 7 : G — G and
7'+ G' — G are considered isomorphic if there is an isomorphism f : G — G’
that respects the coverings, namely m = 7’ o f. An automorphism is of course
an isomorphism from a covering to itself, and a covering is regular (or normal)

if its automorphism group acts transitively on the fibers.



Figure 1.1: Typical adjacent fibers

To avoid confusion with other notions of covers in graph theory, we call a
graph G a lift of G if there is a covering map G — G. Figure 1.1 shows part of
G and the part of a typical lift G.

Here are some examples of lifts:

e The graph @3 of the three dimensional cube is a lift of K4. In Figure 1.2,

the vertices of each fiber are equally colored.

e The cycle C,, is a lift of C,, iff m|n. This holds even for m = 1, since we

count loops twice.

e The infinite path Py (The integers Z with edges [n,n + 1]) covers every

cycle C,,.

e More generally, the d-regular tree covers every d-regular graph. This is
the universal cover of a d-regular graph. A universal cover exists for every

graph, and it is always a tree (unless the base graph is not connected).

e Every regular graph G of even degree 2m covers the bouquet B, of m



Figure 1.2: Q3 covers K4

circles, which is the graph with one vertex and m loops. To see this, take
a 2-factorization of G (which exists by a theorem of Petersen. See, for
example, [7] ); there are m factors, and we map all the edges in a factor
to the same loop in B,,. Incidentally, this proves that every regular graph

of even degree is a Schreier coset graph (See [13])

Figure 1.3 is an example of an irregular, or non-normal, covering. Irregu-
larity refers to the fact that the automorphism group of this covering does
not act transitively on the fibers. In topology and algebra, regular cover-
ings (and normal field extensions) are more well-behaved, but one should
keep in mind that for random coverings this is the exception rather than
the rule: most coverings have no automorphisms, and are thus irregular.

See 1.3.

An interesting example of an infinite covering is the covering of By by
the 2-dimensional grid graph. In terms of the fundamental group, this
covering realizes the commutator subgroup of Fb, and furnishes a proof

that this group is not finitely generated (see [26]).



Figure 1.3: An Irregular Covering

1.1.2 The Model

Given the base graph G and the degree n, we can construct a lift G by putting
n vertices v1,...,v, above every vertex v of G. For every edge e = [u,v], we
need to decide which u; is connected to which v;. This is determined by a single
permutation on n elements: Given a permutation o = o(e) we connect u; to
Vg(i), and this is done independently for every edge. For example, if we number
the vertices in Figure 1.1 from the bottom up, the corresponding permutation
has cycle presentation (124)(35).

Notice that we need to assign an orientation to e so that we know which end
is w and which is v. This choice, however, is arbitrary and has no real effect
on the possible outcomes, i.e. reversing the edge and inverting the permutation
yield the same lift. Having made this choice, we see that a lift is defined by
attaching permutations to the edges of G. All n-lifts of G are obtained in this
manner.

It is now fairly obvious how to define a random n-lift: simply choose a



permutation o(e) € S, uniformly and independently for every edge e in G, and
form the lift G' as above. This is our model for a random labeled n-lift of G (see
1.1.3). Already we see several ways we can tweak it to suit our needs: we may
choose the permutations non-uniformly in S,,, and possibly not independently.
Unless otherwise stated, however, we will work with this standard model. We

summarize it in the following definition:

Definition 1 Given a graph G, a random labeled n-lift of G is obtained by
arbitrarily orienting the edges of G, choosing a permutation o. in S, for each
edge e uniformly and independently, and constructing the graph G with n vertices
Ui, ..., up for each verter u of G and edges e; = (ui, vy, (;)) whenever e = (u,v)

is an oriented edge. A coveringm : G — G is defined by w(u;) = u and w(e;) = e.

The random model is well-defined in the context of pseudographs as well.
Different permutations can be assigned to parallel edges, and a single permuta-

tion is attached to each loop.

1.1.3 The Role of Labels

We note that the model actually gives a little more than what we required, since
the resulting graph G is equipped with a labelling {1,...,n} of the vertices in
each fiber. A graph G covering G whose vertices are so labeled is called a labeled
lift, and it is these objects for which we have a random model. The situation
is analogous to that of random graphs, where the standard model is defined for
labeled graphs instead of (isomorphism classes of) abstract graphs.

Let L,(G) be the set of labeled n-lifts of G. The same notation is used
also for the probability space we have just defined. Clearly, the probability
distribution is uniform. Let C,,(G) be the set of isomorphism classes of unlabeled
n-lifts of G. Obviously |L,(G)| = (n!)¢ where e = |E(G)] is the number of edges

in G. In Section 1.3 we prove that, when v = |V(G)| < e,

Cn(G)] = (1 +0(1))(n))*"



(For the remaining cases e — v = —1,0 see Corollary 2). This implies that al-
most every lift has a trivial automorphism group, and more importantly, that
properties of lifts have the same asymptotic distribution in the labeled and un-
labeled models. (This is reminiscent of the situation for random graphs G(n, p),
compare with [8], chapter IX). We may therefore adopt the standard policy of
proving results in the labeled model, and viewing them as valid statements in
the unlabeled case as well.

In a certain sense, our model may be considered somewhat redundant, since
it generates n!¢ labeled lifts that correspond to roughly n!¢~Y unlabeled ones.
The ratio of n!¥ indicates the number of ways to label a (typical) unlabeled
graph. In the standard theory of random graphs, this factor is n!. We can
eliminate this redundancy, as follows.

Suppose a labeled lift G of G is given by specifying the permutations o, for
the edges of G. Fix an edge e = (u,v) of G. We may relabel the vertices in G,
in such a way that o, becomes the identity. We may now relabel another fiber,
trivializing or “flattening” another permutation. Continuing in this manner, it
is easy to see that we can flatten all the permutations belonging to a spanning
tree of GG. Of course we cannot hope to simultaneously flatten edges that form
a cycle, so this is best possible.

This process of flattening shows that a completely equivalent model to the
one defined above is obtained if one chooses in advance a spanning tree T of G,
and randomly selects permutations for edges e outside T', fixing the permutations
of edges in T as the identity. The new model is called the T-flat model, and
the sample space now consists of n!®~**1! lifts, which is only n! away from the
number of unlabeled lifts.

Any property of unlabeled lifts has the same distribution in the original and
the T-flat model, so we may work with either one. We will not discuss the
T-flat model more formally in this work since we do not use it here, but see the

remarks in 1.2.5.



1.2 Connectivity

For a fixed base graph GG, what is the typical degree of connectivity of a random
(labeled) lift of G? If § = §(G) is the minimal degree of G, it is also the minimal
degree in every lift of G. Therefore no lift can have connectivity higher than §.

We prove that a random lift is indeed almost surely d-connected when § > 3.

Theorem 1 Let G be a connected simple graph with minimal degree § > 3.

Then with probability 1 — o(1), a random labeled n-lift of G is §-connected.

The o(1) term is taken with respect to n, of course. Here, and throughout,
we use the term “almost surely” instead of “with probability 1 —o(1) as n tends
to infinity”, so the theorem says that a random labeled lift is almost surely 6-
connected. As remarked above (and proved in Section 1.3), the same statement
also applies to random unlabeled lifts.

We point out that for some base graphs G, it is not even true that a random
lift is likely to be connected. A trivial example is that of a base graph that
is a tree T: Every lift of T is disconnected, except for T itself. Another case
is when G is unicyclic: a tree T with one extra edge (i.e., a graph with zero
Euler characteristic). In this case, a random lift is essentially determined by a
single permutation o ( see the discussion of flattening in Section 1.1.3), and it
is connected iff o is cyclic, which happens only with probability 1/n. There is
no contradiction, though, since both these examples fail to satisfy § > 3. See
also the discussion of K5(2) and K(3) in Section 1.2.2.

Let us briefly indicate the structure of the proof. After some preliminaries
we begin in Section 1.2.2 by considering connectivity properties of lifts of Ka(a),
the graph with two vertices and a edges. Usually, such lifts are highly connected:
every set of vertices has many neighbours. This is essentially just a property of
random independent permutations. The “usually” here refers to the fact that

for a = 1,2 we don’t get high connectivity at all, and even when o = 3, very



small sets may fail to have enough neighbours. It is this difficulty with seemingly
minor cases that makes the proof a bit messy.

Given a general base graph GG, we consider a set X of vertices in the lift G,
and try to show that it has a large vertex boundary. We look for a topological
K5 () inside G over which X has enough vertices to apply the previous analysis.
This works well for most sets X, namely those that have at least two vertices in
some fiber. The special cases @ = 1, 2, however, require some additional effort.
This is handled in Section 1.2.3. Section 1.2.4 deals with “thin” sets, that have

at most one vertex in each fiber.

1.2.1 Preliminaries

To show that a lift G is d-connected, we need to show that for every set X of
vertices with |X| < |G|/2, |0X| > & where X is the set of vertices outside of
X that are adjacent to some vertex in X. An important characteristic of sets
X in G is the way they are distributed across the fibers. Let X, = X NG, be
the set of vertices of X that lie above a vertex v € V(G), and =, = | X,| its size.
We begin with a simple observation concerning these numbers.

Suppose that for some u,v in G, x, — x, > 4. Since G is connected, there
is a u-v path P in G. Consider the liftings of P to paths in G that start at a
vertex in X,. They are disjoint, so at least § of them end in a vertex outside
X,. Therefore each such path contains a vertex in X (possibly more than one),
so X satisfies |[0X| > ¢ automatically, regardless of the actual lift. In Figure
1.4, |0X| is even larger than x, — x,, since the third (from the top) lifted path
contributes more than one vertex to 9.X.

Thus, in proving J-connectivity, we may restrict to sets X that are rather

evenly distributed across the fibers, in the sense that
|2y — 2y <5 —1 (1.1)

for every u,v € G.



10

Ty =D Ty =2

Figure 1.4: An Example with z, — x, = 3. The black vertices are in X, the

white ones outside X, and the circled white are in 0.X.

Let m = max{z, |v € G}. A set X for which m = 1 is called thin. Thus a
thin set is a set of vertices of G which contains at most one vertex from each

fiber. X is called thick if it is not thin.

k(a,b) = k(a,b; G) For distinct vertices a,b in a graph G, define their local
connectivity as the maximal number of vertex disjoint paths in G between them.
This is denoted k(a,b) = x(a,b; G). The maximum local connectivity, i.e. the
maximum of k(a,b; G) over all pairs of vertices of G, is denoted %(G). Note

that the analogous minimum is just the vertex connectivity of G.

We need the following result of Mader:

Theorem 2 (Mader [20]) In every finite graph G there is an edge [a,b] such
that k(a,b) = min(deg(a), deg(d)).
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by
a; bJ

a

a ‘@. b
Figure 1.5: A bad set in a lift of K5(3)

1.2.2 Lifts of Ky(«)

Lemma 1 Let G be a random n-lift of G = Ks(a), the graph with two vertices

and o edges, where o > 3. Then a.s. every subset X C V(G) such that 3 <

|X| < 2|G|/3 satisfies |0X] > a.

It is interesting to see why the restrictions in the proposition are necessary.
For « = 1, Ko(1) = K> is a tree with one edge, and every lift is just a matching,
so there are many sets X with |0X| = 0.

For a = 2, a lift is determined by two permutations o7 and o3, given that
an orientation has been assigned for the two edges, say from a to b where a,b
are the vertices of K3(2). Suppose that i is a fixed point of 05101, so that
01(i) = 09(i) = j, say. Then the set X = {a;,b;} spans a K»(2) in G, and is
disconnected from the rest of the graph. For every constant & the probability
that there are k such fixed points is bounded away from zero, and so there are
likely to be several such small disconnected sets.

When a = 3, a typical lift is nearly 3-connected, but not quite. The lift
is determined by three permutations o1, 09, 03. Consider again an index ¢ for
which 01(i) = 02(i) = j. Then a; is connected to b; by two parallel edges, and is

further connected to by, where k = o3(¢). Also b; is connected to some a; where
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| = 03 '(j). This yields a set X = {a;,b;} which only has 2 neighbours, as in
Figure 1.5. This shows why 2 < | X is necessary in Proposition 1. Incidentally,
this also demonstrates why simplicity is required in Theorem 1.

Proof: (of the Lemma): Let {a,b} be the vertices of G = Kz(a). A random
lift of G is determined by « random permutations o1, ..., 0, in S,, by connect-
ing each vertex a; to the a (not necessarily distinct) vertices a5, (;), 1 <p < a.

For a subset A C {1,...,n}, let A, = 0,(A) and A, = UpA,. The letter
m always denotes the size of A. Call a set A bad if 2 < m < 3n/4 and |A.| <
m + « — e where € is 0 unless m = 2 and @ = 3, in which case it is 1. (The role
of € will soon be revealed). We claim that, if the o,s are chosen uniformly and
independently in S, then a.s. there are no bad sets.

Proof of claim: We start with small sets A, those for which m < 10q,
say. Given A, the probability that |A.| < ¢ for some ¢ is not greater than the

probability that s = asm balls that are thrown into n cells occupy no more than

()

) sets A with |[A| = m, to show that no set of size m is bad

BIBIGEL

as n — 0o, where s = am and t = o+ m — € — 1. By our assumption that

t cells, which is bounded by

n

Since there are (m

a.s. it suffices to verify that

m < 10a, s and t are bounded by constants so the expression is ©(n™t %),
Now m+1t—s = (2—a)m+ a — e — 1 which is always negative. Note that,
when m = 2,a = 3, it is not zero only thanks to the e. It is indeed true that
given three permutations there is likely to exist a set of size two whose image
contains just 4 < 2 + 3 elements.

For large sets A, 10a < m < 3n/4. |A.| is the union of o randomly chosen
sets of size m, and we need to bound the probability that this union has size

m + « or less. A union bound over the possible sets of size m + « gives (again
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recalling that we have (:1) possible candidates for A itself)

= ()N )

and we must show that this tends to 0 as n — oco. The easy inequality

implies

B(m) < n® (:@) (")

We rewrite the upper bound as the product of two terms

o) (G5

and we turn to show that each of these two terms tend to 0. In the first one, the

exponent is negative since a > 3, and so it is maximized when m is minimized,

namely m = 10«. For this m it is bounded by

(ne)a+10a(273a/4) =0

as required. The second expression is certainly negligible in the range 3n/4 >
m > n/10 where the numerator is polynomial in n whereas the denominator is
exponential in n. For m < n/10 one easily sees that the maximum is obtained
again when m = 10, where the numerator is bounded by a constant and the

denominator grows like a polynomial. This proves our claim. [ |

We now translate what all this means for the lift G of G. Every set X of
vertices in G is the union of two disjoint sets X, and X, lying above a and b
respectively, with | X,| = z, and |X3| = 2. Assume w.lo.g that z, > xp. If 2,
and z; differ by more than «, then 0X automatically contains « vertices, as we
have seen. This, and our assumptions on | X|, implies that 2 < z, < 3n/4.

We may think of X, as a subset A of {1,...,n}, since the vertices of G, are

indexed by this set. By the construction of the lift, A, corresponds to 90X, as
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a subset of Gj. Thus we may assume that |[0X,| > xq + a—e1. If 7, > 2 then
similarly [0Xp| > 2 + a — €2. Since 0X = 90X, U0X} \ (X U Xp), its size is at

least
[0X| > xq +xp+ 20— (61 + €2) — (g +2p) =20 — (61 + €2) >
or, if z, < 1, we just ignore 90X, and
[0X| >z +a—€ —xp >

as required. [ |

This result can be naturally extended to topological K2 (a)s as well. Let G be
a topological Ka(a), namely a graph with two vertices a, b and « vertex-disjoint

paths between them.

Definition 2 An n-lift G of G = Ky(a) is called good if every set X C V(G)
with 3 < xq +ap < 2-2n/3 has |0X]| > a.

Notice that the numbers x, for v # a,b are not important. The upper
bound 2 - 2n/3 is actually the same as in Lemma 1, since |G| + |G| = 2n. An

immediate corollary of Lemma 1 is
Corollary 1 A random lift of a topological Ko(a) with o > 3 is a.s. good.

This follows at once since a lifts of a topological Ka(«) is a subdivision of a

lift of Ks(a). »

1.2.3 Thick Sets

Consider a finite base graph G and a subgraph H which is a topological Ka(a)
for o > 3, namely H consists of « internally disjoint paths between two vertices

a and b of G. Given a lift G of G, we can look at its restriction H lift H, i.e., the
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subgraph of G comprising of vertices and edges that are mapped to H by the
covering projection. It is clear that if G is a random lift, then H is a random
lift of H. For every H, this lift is a.s. good, and since there are only a finite
number of possible such subgraphs H, a.s. every restricted lift H — H is good.

In this section we prove that for such lifts, thick sets have at least d neigh-

bours.

Proposition 1 Let G be a finite graph with § = 6(G) > 3, and let G — G be
a lift such that the restriction H — H is good for every H that is a topological

Ky(a) with o > 3. Then for every thick set X C V(G), |0X]| > 4.

We fix the base graph G and an n-lift G satisfying the condition of the
Proposition. X denotes a thick set of vertices in G with |X| < G/2, and as
usual, X, = X NGy, p = |X,| and m = maxz, so m > 2. Notice that (1.1)
implies that m < 2n/3. We assume that X is such that |0X| < §, and arrive at
a contradiction.

Notice that if a,b € G are such that x, = z;, = m, and there are a > 3
disjoint paths between a and b, then JX contains at least « vertices which all
lie above these paths. This is an immediate consequence of the definition of
good lift and the bounds on m.

Let M’ be the subgraph of G spanned by the vertices v for which z, = m,
and let M be any connected component of M’. For a vertex a € M, set d(a) =
deg(a; M) and e(a) = deg(a; G) —d(a), so e(a) is the number of vertices outside
M that are adjacent to a. Let E(a) denote this set of vertices.

We will make frequent use of the following observation: If a vertex v € M
is adjacent to a vertex z ¢ M, then 0X contains at least one vertex in G..
(This is because the edges covering [v, 2] form a matching between G, and G-,
and z, < x, so some vertex in X, is matched to one outside X.). It follows
that every a € M implies the existence of at least e(a) vertices in 0.X, which lie

above E(a). We also see that |0M| < 4, and in particular M cannot be a single
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vertex.

Let d = §(M) be the minimal degree of M, and k¥ = R(M) be its maxi-
mum local connectivity. We will gradually restrict the structure of M, until all
possibilities are exhausted.

First, assume that d > 3. We use Mader’s Theorem 2 to find vertices a,b
in M with d(a) = o < 8 = d(b) having « disjoint paths between them. Since
2<m<2n/3and a > d > 3, we find at least « vertices of 9X lying above M.
But e(a) > é — «, and so 90X contains also § — « vertices that do not lie over M,
giving a total of § vertices in X, a contradiction. Therefore d < 2. See Figure
1.6A.

Now suppose that k > 3. Let a be a vertex of M with d(a) = a < 2, and let
H be a topological K5(3) in M. e(a) is at least 6 — 2, and there are at least 3
vertices in 0X above H. This gives at least §+1 vertices in 0.X, a contradiction.
Note that it makes no difference if a belongs to H or not. This case is depicted
in Figure 1.6B.

Now we know that k& < 2. Suppose that K is a block of M which is not an
edge. Then K is 2-connected, and we claim that it is a cycle. Otherwise, let
C be a cycle in K and [c,z] an edge outside E(C), with ¢ € C. If € C then
k(x,c; M) > 3 which is impossible. Otherwise, since ¢ is not a cutvertex of K,
there is a path which avoids ¢ from z to some vertex z on C. Thus (¢, z; M) > 3
which is again impossible. We obtain that every block of M is either an edge
or a cycle.

If M has at least two leaves, we proceed as follows. Let a and b be leaves.
Since e(a) > § — 1, every vertex in E(b) \ E(a) would give an additional vertex
in X which cannot happen. Therefore, E(b) = E(a), and in particular there
are at least ¢ disjoint a-b paths in G (one in M and § — 1 paths of length 2; See
Figure 1.6C). But this is also impossible, since it implies § vertices of X above
these paths.

Since M is not a single vertex and contains at most one leaf, it has an
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Figure 1.6: Various cases for M.

endblock C which is a cycle. Let a and b be two vertices in C with d(a) = 2.
We claim that E(a) is disjoint from E(b). Otherwise, there are 3 disjoint a-b
paths in G, two of which are in M and another one outside it. F(a) still contains
at least 0 — 3 vertices disjoint from these paths, which together yield § elements

of 0X, as usual.

It follows that C' cannot contain 3 vertices a, b, ¢ with d(a) = d(b) = d(c) = 2,
since then F(a), E(b) and E(c) are three pairwise disjoint sets of size > § — 2
each, and 3(§ — 2) > 4. In particular M is not a single cycle and must contain
more than one block. Since C is an endblock, it must contain at least two
vertices of degree 2, so the only remaining possibility is the one that appears in
Figure 1.6D: C' = {a,b,c} is a cycle of length 3 and one of its vertices, say c,
belongs to another block. F(a) and E(b) together contain 2(6 — 2) vertices, so
0 =3 and e(a) =e(b) = 1. Set E(a) = {a’} and E(b) = {b'}.

Let C’ be another endblock of M. There is a path from ¢ to C’ that avoids
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C. C' can be an edge or a cycle, but in either case it contains a vertex z with
d(z) <2,s0e(z) > 1. Let 2’ € E(x) be some vertex. Then ' = a’ or 2/ =¥/,
since otherwise we get 3 distinct vertices in M. Say a’ = a’. There are now 3
disjoint paths from a to ¢, two in M (through C) and one outside, through o’
and z. Once more this implies that |0X| > 3, which contradicts 6§ = 3.

This final contradiction establishes the Proposition. [ |

1.2.4 Thin Sets

In this section we show that a.s. every thin set in G has more than § neighbours.
Unlike our analysis of thick sets, here we work with certain subgraphs of G, the

lift itself.

Definition 3 A subgraph H of a lift G is called edge-thin if it does not contain
a pair of parallel edges, namely edges covering the same edge of the base graph

G.

An edge-thin subgraph contains at most one edge in each edge fiber, in
contrast with a thin set which contains at most one vertex in each vertex fiber.
Notice that a thin set spans an edge-thin subgraph, but the vertex set of an
edge-thin subgraph is not necessarily thin. Also, a pair of parallel edges cannot

be incident with the same vertex, by the definition of a lift.

Lemma 2 Let G be a finite base graph and G a random n-lift. Then a.s.
in every edge-thin subgraph of G, every connected component is a tree or is

unicyclic.

Proof: Let A = A(G) be the maximum degree of G. An edge-thin subgraph
H of G contains at most A vertices in each fiber, since if G, has A + 1 vertices

in H, there is an edge in G incident with v that is covered twice by H. In
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particular, the number of vertices of an edge-thin subgraph is bounded by a
constant K = A|V(G)|.

It suffices to show that for each 1 < k < K, a.s. no edge-thin subgraph H
with k vertices has more than k edges. The number of possible vertex-sets V(H)
is O(("‘Vlgc)l)) = 0(n*).

Given a vertex set V, |V| = k, we bound the probability that there is an
edge-thin subgraph H with V =V (H) and |E(H)| = j > k as follows. First we
choose a collection of j putative edges [u, v], u,v € V, no two of which cover the
same edge of G. For each pair, the probability that [u, v] is indeed an edge of G
is 1/n, and these events are independent by the assumption that no edge of G
is covered twice. Therefore the probability that all putative edges exist is n =7,
and the probability that some choice of putative edges succeeds is still O(n=7)
because the possible number of choices is bounded by, say, 2K*,

A union bound over all possible Vs gives n¥n =7 which is O(1/n) since j > k.

Therefore, a.s. there are no edge-thin subgraphs with k& vertices, as required. B

We now prove

Proposition 2 Let G b a finite graph with 6 = §(G) > 3, and let G — G be a
lift such that every edge-thin subgraph H of G satisfies |E(H)| < |V (H)|. Then

for every thin set X C V(G), |0X] > 0.

Fix a thin set X, |X| = k, and let H be the subgraph of G spanned by X.
Since H is edge-thin, it has at most k edges. It follows that H has a connected
component which is a tree or a tree with an extra edge. Let H' be that connected
component. We proceed by considering various possibilities for H'. See Figure
1.7.

Case 1. Suppose that H' has two leaves, say x,y. Namely, deg(z; H) =
deg(y; H) = 1. Since deg(z;G) > 6, x is adjacent to at least § — 1 vertices

21,...,25—1 outside H, namely outside X. If y has a neighbour outside H
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Figure 1.7: Cases for H’

which is different from the z;’s, we have ¢ vertices in 0X and we are done. If

not, then each z; is adjacent to both z and y.

We construct a certain subgraph Z of G: Take a simple z-y path P in H’,
along with the vertices z; and all the edges [z, z;] and [z;,y]. Clearly Z is edge-
thin. Since § > 3, Z is a connected edge-thin subgraph with two distinct cycles,

contrary to our assumption. Henceforth, H’ has at most a single leaf.

Case 2. H’ is a cycle. Since Gis simple, H' contains at least 3 vertices, each
of which has at least 6 — 2 neighbours outside H’. Suppose that two vertices
x,y of H' share a common neighbour z outside H'. Then the graph consisting
of H', z and the edges [z, z] and [y, 2] is edge-thin and has more edges than
vertices, which is impossible by assumption. Therefore every vertex outside H’

has at most a single neighbour in H'. Consequently [0X| > 3(6 —2) > §.

Case 3. The only remaining possibility is that H’ is a lollypop: a cycle
C with an attached path P. Let x be the endpoint of the path; it has § — 1
neighbours outside H'. Let y be a vertex of degree 2 on C. This y has at least
one neighbour outside H'. If it is not one of x’s neighbours, then we are done.
Otherwise the graph formed by adding this common neighbour to H' along with
the two edges to x and y is edge-thin and has more edges than vertices, which

is impossible. [ |
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1.2.5 Conclusion

The proof of Theorem 1 is now complete. A random lift G almost surely sat-
isfies the conditions of both Proposition 1 and Proposition 2, as shown in the
beginning of Section 1.2.3 and Lemma 2. Therefore both thick and thin sets

have & neighbours outside them, so G is d-connected. [ ]

Let us make some further comments concerning the proof. It is not hard to
extend Lemma 2 as follows: Fix a constant B. Then a.s. every subgraph H of
G with at most B parallel edges in each edge fiber satisfies |E(H)| < |V (H)|.
It follows that topological K»(d)s in G, which exist in abundance, must contain
an unbounded amount of parallel edges, and in particular they are quite large.
In a typical random lift, every two vertices are connected by ¢ disjoint paths,
but these paths are necessarily quite long and utilize the lifts of some particular
edges many times.

Theorem 1 is an asymptotic result. It will be interesting to estimate the
probability that a random n-lift fails to be d-connected in terms of n. We
expect this probability to become small already for moderate values of n.

A different proof of Theorem 1 can be given using the model of T-flat lifts
(see 1.1.3). We give a sketch of it now. In a T-flat labeled lift G, the subgraphs
spanned by the vertices with label 4 all contain a copy of the spanning tree T
of G. Call these subgraphs layers. Define the layer graph A to be the graph on
[n] that has an edge [¢,j] whenever some edge in the lift connects a vertex in
layer 4 to one in layer j. A is a random graph obtained by superposing |E(G)| —
|V(G)| + 1 random permutations, and in particular it is highly connected.

Given two vertices u; and v; in G, a path in A from i to j can be used to
construct a path from u; to v;: we move between the layers using the edges
that connect them (these correspond to edges of A), and within a layer using
the copy of T'. But we need to exhibit not one but § disjoint paths from u; to v;.

The high connectivity of A implies that there are indeed many disjoint paths
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between ¢ and j in A, but trying to realize those in G, we run into a difficulty:
the paths may collide in the layers ¢+ and j, as they travel along the single copy
of T in each of these layers.

To overcome this, we need to show that each vertex u; of G admits a §-fan:
a collection of § disjoint paths emanating from w;, each of which is contained
in layer ¢ except for its final edge that “jumps” from this layer to some other
layer, and these terminal layers are all distinct. Given those, we can find §
disjoint paths from u; to v; by starting with the fans and gluing them using
paths realized from A. It turns out, however, that not every vertex admits such
a fan. In order to guarantee that a.s. every vertex has a fan we need to allow
slightly more complicated fans, in which some paths meet more than two layers.
We omit the details.

We return to our original proof. Following the steps, we find that for most
sets X, |0X| is much larger than 6. However it is not true that a.s. only
singletons of G can be disconnected by removing ¢ vertices. For example, a
random lift of K} is likely to contain a 3-cycle with only 3 neighbours. Yet the
proof suggests that random lifts are good expanders, as large sets tend to have
large boundaries. We will investigate expansion properties of random lifts in

the next chapter.

1.3 Isomorphisms and Labeling

In this section we prove the claim made in 1.1.3, that the random labeled model
is applicable to unlabeled lifts as well. The basis of this claim is an asymptotic
estimate on the number of unlabeled lifts of a fixed base graph G, which we
proceed to derive. Recall that, for two labeled lifts to be considered isomorphic,
there must be a covering-preserving isomorphism between them. The question
of counting the unlabeled graphs covering a fixed base graph up to isomorphism

of graphs, regardless of the coverings, is more difficult and will not be addressed
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here.

1.3.1 The Number of Unlabeled Lifts

First, let us determine exactly when two labeled lifts given by permutations are
isomorphic as unlabeled lifts. We assume that the edges of the base graph G have
been oriented, and e = (u, v) refers to an edge from u to v. Let 0 : E(G) — S,
and ¢’ : E(G) — S, be two assignments of permutations to each edge of G.
They determine lifts 7 : G — G and 7’ : G’ — G, as in Definition 1.

Suppose f : G — @' isan isomorphism of graphs that respects the coverings.
f must map a vertex in G, to G, so for each vertex u € V(G), The restriction of
f to the fiber G, is given by a permutation ¢(u) on [n], such that f(u;) = u;(u)i.

I other words, f is a renaming function: it relabels the vertices in each fiber
so that the edges in G become those of G’. In G, an edge e; connects u; to
Vg (e)i- Now f(u;) = u:b(u)i and f(vVg(eyi) = v:b(v)a(e)i' Since f(e;) connects these

two vertices, we must have:

for every i € [n], or

o'(e) = p(v)a(e)d(u)". (1.2)

Conversely, if there exists a relabeling scheme ¢ : V(G) — S,, such that (1.2)
holds for every e, then the lifts determined by o and ¢’ are isomorphic.

Put differently, the group K = SY(E) acts on L, (G) by ¢o = ¢’ where o’ is
given by (1.2) (it is easy to see that this is indeed an action). The orbits under
this action correspond to isomorphism classes of labeled lifts, namely, unlabeled

lifts.

We are now ready to calculate the cardinality of C,(G), the collection of
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unlabeled lifts of G. To this end we apply Burnside’s lemma
1 .
|Cn(G)| = V@ > [Fix(¢)|
PeK

where Fix(¢) denotes the collection of permutation assignments o such that

¢o = 0. Such a o satisfies for every edge e = (u,v)

or

Therefore, the number of o-s that are invariant under ¢ is

Fix(¢) = [[ Ho€Suld(v) =od(u)o"}. (1.3)

e=(u,v)

This number is 0 unless all the permutations ¢(u), v € V(G) are conjugate
in S,. Let € be a conjugacy class in S, of size |C|. Let s(C) be the size of
the centralizer of any permutation in €, which is, clearly, independent of the
particular permutation. For any conjugacy class C in .S,,, the number of elements
¢ € K for which ¢(u) € € for every u is |€|IV (@), For such a ¢, [Fix(¢)| is simply
s(C)IF(@ by (1.3). Therefore

1
|Cn(G)] = —@n Z eIV (@lg(e) B(@)
e

where the sum is extended over all conjugacy classes in S,,. Now for every C,

the product |€[s(C) = nl, so finally:
1C(G)] = Z s(@)IE@I-IV(G)| (1.4)
e

For example, suppose that G is a graph with |E(G)| = |[V(G)| + 1. The
number of unlabeled 3-lifts is 6 + 2+ 3 = 11. The reader may find it instructive

to list them for some specific choice of G.
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1.3.2 Asymptotics

Let us consider some special cases of this formula. When G is a tree, |E(G)| —
[V(G)] = -1, s(€)~! = |€|/n! and so |C,(G)| = 1. This is indeed the case,
since a tree is simply connected and the only n-sheeted covering of a tree is a
disjoint union of n copies of that tree. When G is unicyclic, |E(G)|— |V (G)| =0
and |Cy,(G)]| is just the number of conjugacy classes in S, namely the number
p(n) of partitions of n. Indeed, lifts of a cycle are disjoint unions of cycles of
various lengths, corresponding to the cycle structure of the permutation formed
by multiplying all the edge permutations o(e) together.

Another special case is n = 2. There are two conjugacy classes, both of

which have s(€) = 2, so

|C2(G)| = 2/ P@I=IVG)I+1

which is just the number of T-flat lifts.
These examples are the exception rather than the rule. When n is large and
|E(G)| > |V(G)|, the dominant term in (1.4) is n!IP(@I=IV(EI coming from the

trivial conjugacy class 1 € S,.

Lemma 3 Let k > 1 be a fized integer. Let ¢, = Y. s(C)* where s(C) is the
size of the centralizer of an element in C and the sum is taken over all conjugacy

classes in S,. Then as n — oo,
cn = (14 0(1))n!*

Proof: For every class € we have s(C) < n!, and for the class of the identity

s(1) = n!. Therefore

k
s(€) s(€)
1= () =2
e e
and so it suffices to prove that 1/n!>", s(C) — 1, the case k = 1 of the Lemma.
A conjugacy class C is determined by a partition of n, namely the cycle

structure of the permutations in C. Let k; be the number of cycles of length j.



26

Then Y jk; = n and
s(€) = [ #:4*
J

since an element of S,, which centralizes a permutation with this cycle structure
shuffles the cycles of equal length among themselves, and cyclically shifts each

cycle. Hence we need to prove that

1
Q= > ij!jkj—>1.
(k) ’
> jkj=n

The number of summands here is p(n). We split the sum according to the
value of k. When k; = n, all the other k;-s are zero, and this contributes 1 to

Q. Now suppose n > ky > n/2. Since ks + ...+ k, < n — ky, we have

Hk]' S kl'(n — kl)'

J

and using j < 29/2 we get
[[* <2
J

Let t = n — k1. The number of partitions in which ¢ has a specified value
is p(t) < eXV1 for some constant K. Letting Q' denote the contribution to Q

from partitions satisfying n > k; > n/2, we get

2<t<n/2 (?)

(2e)t/2

<y L
2<t<n/2

< >

2<t<n/2

Q/ 2t/2eK\/E

IN

23/2¢ ‘

and this obviously tends to 0 as n — oo.
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Finally, let Q" denote the contribution to ) coming from partitions in which
k1 <n/2. Since 2(ka + k3 + ...+ kpn) < 2ka+3ks + ...+ nk, =n — kyq,

n—k1

ko+ks+...+k, < 5

hence

and therefore
3n
[Tkt < (k<G
Once more []j* < 2n/2 g0

,_ p(n)(3p)12n?
@ = n!
which also tends to 0 by the same bound on p(n). Adding, we get Q =1+ Q'+

Q" — 1 as required. [ |

Combining this with (1.4) we obtain

Corollary 2 For a base graph G with v vertices and e edges, the number of

unlabeled lifts is

1 e—v=-1
Cn(GQ) = p(n) e—v=0
(I+o(1))(nh)e™ e—v>0
Since an unlabeled lift that admits a non-trivial automorphism can be labeled
in no more than n!”/2 ways, this implies that for e > v a.e. unlabeled lift has
no automorphisms, and the same holds of course for labeled lifts. In particular,

almost every lift of G is irregular.

1.3.3 Equivalence of the Models

We now use Lemma 3 to prove the equivalence between the labeled and un-

labeled models. Let P be a property of unlabeled lifts. For instance P may
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be connectivity or 3-colorability of the lift, regularity of the covering, etc. Let
Pry(P) be the probability that P holds for a random labeled lift, and Pro(P)

the probability for unlabeled ones.

Theorem 3 Let G be a graph with |E(G)| = e > v = |V(G)|, and let P be a
property of unlabeled lifts of G. Then almost every labeled lift has property P iff

almost every unlabeled lift has it.

Proof: This follows from the following Lemma:

Lemma 4 With G and P as above, as the degree n — oo
Pr(P) < (14 o(1))Prc(P)

Proof: Fix a degree n. Let L(P) and C(P) denote, respectively, the collection
of labeled and unlabeled lifts of order n of G that have property P, and let
I(P) =|L(P)|, ¢(P) = |C(P)|. Obviously I(P) < n!"¢(P). Now

Prp(P) = U(P)/|Ln(G)]
= l(P)/n!¢
< ¢(P)/nle7"
= (140(1))c(P)/|Cn(G)]
= (140(1))Pre(P)

where the next to last inequality uses Lemma 3. ]

We return to the proof of Theorem 3. Suppose that almost every labeled
lift has P, in the sense that Prp(P) =1 — o(1). Then Pre(P) =1 — o(1) also,
so almost every unlabeled lift has P as well. Conversely, if Pro(P) =1 — o(1),
then Pro(P’) = o(1) where P’ is the negation of P, and so Prp(P’) = o(1) and
Prp(P)=1-0(1). [ |

The same argument also shows that Prp(P) — ¢ for some constant ¢ iff

Prc(P) — c for the same constant.
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1.4 Variations

In this chapter we considered the model of independent uniform permutations.
Let us mention here some possible generalizations and variants of the model.

Given a group I' acting on a set {2, we can attach an element g. € I' to each
edge e of G and view each fiber G, of as a copy of €, G, = {ta}aca- The edges
in G now connect u, to v, 4, and G is a covering of degree |Q|. If it is possible
to select elements of I' at random, we obtain random lifts. The standard model
is the special case where I' = S, and Q = [n] with the usual action. IT" and
may be finite or infinite. (In fact, even G may be infinite as long as T#(%) is
equipped with a probability measure).

A special case of this is that of the group I' acting on itself by left multiplica-
tion. The resulting lifts of G will then be regular in the usual topological sense.
If G is the bouquet By with one vertex and k loops, the lift will be the Cayley
graph of " with respect to the set S of the elements attached to the loops and
their inverses, assuming this set generates I'.

A variation in a different direction is obtained as follows. Let n = nj -
ng -+ . Starting from G, we form a random nq-lift, then a random ns-lift of
the result, and so on. Since a composition of covering maps is itself a covering,
the resulting graph is an n-degree cover of G, distributed differently than one
formed by taking a random n-lift directly. This kind of model may be more
suited for some applications.

A far-reaching generalization of the above would be a model for random
lifts of higher-dimensional simplicial complexes. At present this seems difficult
to obtain even for 2-dimensional complexes. However, we mention here an
interesting model for random branched coverings of a 2-manifold.

Let M be a 2-dimensional manifold and let G be a graph embedded in M in
such a way that the regions (connected components of M\ G) are homeomorphic

to open disks, and their boundaries form simple cycles on the graph (this is



30

sometimes called a strong embedding). For example, we can let G be the 1-
skeleton of a triangulation of M.

Consider a covering G of G. Every cycle C' in G that bounds a region in M
is covered by the disjoint union of cycles C’j in G, and every edge of G belongs to
exactly two such cycles. Let us attach a 2-cell to each C'j. We get a 2-complex
M and it is easy to verify that it is, in fact, a manifold. There is also a natural
map M — M which maps the cell attached to C; onto the region bounded by
C, and restricts to G — G on the 1-skeleton. This map will not in general be a
covering of manifolds: it may be branched at the centers of the attached cells.

If the original covering G — G is chosen randomly, this procedure yields a
random branched covering M of M, although we do not get all coverings of M
that way. It will be interesting to see if anything useful can be done with this

model.



Chapter 2

Edge Expansion of Random
Lifts

We continue the study of random lifts of graphs. Here we study the possibility
of generating graphs with high edge expansion as random lifts. Along the way,
we introduce the method of e-nets into the study of random structures. This
enables us to improve (slightly) the known bounds for the edge expansion of

regular graphs.

2.1 Introduction

In this chapter we try to utilize the random model to generate graphs with high
edge expansion. We begin by showing the existence of a lower bound on the
edge expansion of random lifts of a general base graph. We then calculate an
explicit bound for the case of the bouquet B; as base graph. Finally, using the
method of e-nets, we show the existence of graphs whose edge expansion exceeds
the known bounds.

Specifically, we are concerned with the following problem: Given a fixed

31
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connected base graph G, what can be said about the edge expansion of a random
lift G of G? This should be compared with known results concerning edge
expansion of random graphs (see [9] and the discussion closing Section 2.3). We

prove:

Theorem 4 Let G = (V, E) be a connected graph with |E| > |V|. Then there
is a positive constant & = &o(G) such that almost every lift of G has edge

expansion at least &g.

For specific base graphs we can produce explicit bounds on the edge expan-

sion of a random lift. Let B; be the bouquet with one vertex and [ loops.

Theorem 5 Almost every lift G of G = B, has edge expansion 5(@) > &,
where &y is the smaller root of H(¢/d) = (d —2)/d, d = 21.

It is possible to apply the same technique used for proving Theorem 2 for
other base graphs, such as the complete graphs K., but the technical details
are more tedious. Finally, we use the method of e-nets to improve the known
bounds on the edge expansion of random d-regular graphs. The same method

applies, mutatis mutandis, for random lifts.

Theorem 6 For every d > 3 there is an €y = €o(d) such that if 0 < € < ¢g then
the following holds. Let o be the larger solution of

~(1= H() =1~ H(po)

then the edge expansion of a d-regular graph is almost surely at least d(1 — o —

2€).
Throughout these sections, we shall often use the entropy function
H(z) = —alogy(x) — (1 — ) log,(1 — )

and the approximation

(%

(u> _ guH@/u)(1-04(1)) (2.1)
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which is valid for arbitrary v and © — co. The inequality

v

is valid for all u,v.

2.2 General Graphs

We define the edge expansion of a graph as usual:

Definition 4 Given a set S C V(G) of vertices in a graph G, let E(S,S) be
the set of edges with one vertex in S and one outside S. The edge expansion

£(9) is defined to be |E(S,S)|/|S|, and the edge expansion of G is
§(G) = min{¢(S5) | § < V(G),[S] < [V(G)|/2}

A lift G of G cannot have higher edge expansion than G: Given S C V(G)
with some small £(S), take S to be the union of the vertex fibers G, = {u} x [n]
for u € S. Then £(S) = £(S) and |S| < [V(G)|/2 iff |S| < |[V(G)|/2.

The first natural question is whether the edge expansions of G’s lifts are
almost surely bounded away from 0, that is whether there is a { = £(G) > 0
such that almost every lift G of G has edge expansion at least &(G). We must
leave out degenerate cases where G is a tree or unicyclic, since for such base
graphs a random lift is not even a.s. connected. Having ruled out these graphs,

the answer to our question is positive:

Theorem 1 Let G = (V, E) be a connected graph with |E| > |V|. Then there
is a positive constant & = &o(G) such that almost every lift of G has edge

expanston at least &y.

As in the §-connectivity theorem in chapter 1, the probabilistic core of the

proof lies in the following simple lemma.
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Definition 5 Given two permutations 01,02 € S, and an n >0, a set A C [n]

is called n-bad if 0 < |A| < 2n/3 and |AU o1(A) Uo2(A)| < (1 +n)|A].

Lemma 5 There exists a positive € such that, for two uniformly chosen random

permutations o1, o3 € Sy, almost surely there are no e-bad sets.

Put differently, the probability that a bad set exists tends to 0 as n — oo.
Notice that this is meaningful even for sets A that are singletons: almost surely,
no element is a fixed point of both permutations.

Proof: For a fixed set A of size m, the probability that A is e-bad is bounded

() (S5

and since there are (7’7’1) possible such sets A, it suffices to show that

above by

2n/3

> B(m)=o(1)

B(m) = (Z) (nLe:njn) (%)2

First, consider the range n/10 < m < 2n/3. Setting 1 = m/n and using

where

(2.1), which is valid since m — oo, we obtain (in this range we can neglect the

floor brackets):

Hlog Blm) = (1= i H (%) + 21+ Ol (=) — Hw)

Since p/(1 — p) < 2 and assuming € < 1/4, we have H(eﬁ) < H(2e).

Using the easy inequality H(%ﬂ) < H(e) < H(2e),

1
—log B(m) < (1 — p)H (2€) + 3puH (2¢) — H(p) = (1 +2u)H(2¢) — H(p)
which can certainly be made negative in the range 1/10 < yu < 2/3 by choosing

e small enough. The contribution of B(m) in this range to the sum is, therefore,

negligible.
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In the lower range, m < n/10, we can bound B(m) from above by

n 5m
B(m) < —(“’ZA))
f |em| = 0, this is O(ﬁ) which is O(1/n) for m = 1 but o(1/n) for m > 1.
Now assume |[em] > 1. Using (Z) < (%)]C we get

()= () (2”€)m

For the denominator we use (m)

ﬂ
m

(%)
o= (ML) - (2 () = (n) )

Finally, (n/z)(¢~Y? is decreasing for z < n/e, so B(m) = o(1/n) throughout

the range. ]

We now turn to the proof of Theorem 1.

Proof: Fix a vertex z € V(G) and two closed walks P;, P, starting and
ending at z. We assume that each P; does not backtrack, i.e. it contains no
step of the form z,y,x. Moreover, we require P, and P» to be independent in
the sense that each P; contains an edge not contained in the other walk. This
is possible since G is not unicyclic (whence the cycle space of G is at least
2-dimensional).

A random lift G of G is determined by assigning permutations in S,, to the
oriented edges of G, and we let o; be the product of these permutations along P;,
inverting the ones assigned to edges that are traversed against their orientation.
An immediate consequence of the definition of G is that, for every k € [n], there
is a unique path in G starting at (z, k) and ending in (z,0;(k)). Call this path
Wi (k). From the covering property, the paths W;(k) for fixed i are disjoint.

We let € > 0 be as in Lemma 5. Almost surely, the permutations o1 and o5
are such that there are no e-bad sets A C [n]. This follows from Lemma 5 and

the fact that o1, 09 are indeed uniformly distributed, independent permutations
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(their independence follows from the independence of the paths P;). In the rest
of the proof, we show that this property of o1 and o2 ensures that £ (G’) > &
where &) = %

Let T C V(G) be a set with 0 < |T| < |V(G)|. We need to show that
|E(T,T)| > &|T). For a vertex v € V(G), let T, = TNG,, be the part of T that
lies above v, let t, = |T}|, and set m = max,cy (g) tv. Note that [T'| < m|V(G)|.

Suppose that ¢, < (1 — €)m for some v € V(G). Let v be any vertex for
which ¢, = m, and let Q be a v — u path in G. Using again the unique lifting
property of paths, there are n disjoint paths in G starting at G, and ending in
éu. at least em of those connect a vertex in T, to a vertex outside T,,. Therefore
E(T,T) contains at least em edges, so £(T) > ¢/|V(G)| > & and we are done.

We can now assume that ¢, > (1 —¢€)m for every u € V(G) (this means that
T is quite evenly distributed across the vertex fibers). It follows that m < %n
and t, > 0 for every u € V(G). Let A = {k € [n]|(2,k) € T.} where z is
the vertex chosen above. Since [A| = |T.| we have 0 < |A| < Zn. It follows
that |[AUo1(A) Uoa(A4)] > (1 + ¢€)|A|. Without loss of generality, there are at
least §|A| indices k& € A for which o1 (k) ¢ A. For such indices, the path Wy (k)

contains an edge in E(T,T), so

_ 1—
B 1) 2 gl = U I
2 2
and since |T| < m|V(G)| we have £(T) > ;I(‘}(ES\ = & as required. ]

In what follows we seek more precise information on the edge expansion of
random lifts. For example, let G be a connected d-regular base graph. We
suspect that the behavior of edge expansion in random lifts of G resembles that

of random d-regular graphs, in the following sense: Let
&*(d) = limsup{&(G) | G a d-regular graph }.

We conjecture that for every connected d-regular G, almost every lift G of G
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has edge expansion
£(G) = min(¢(G), £°(d)).

(Perhaps even equality holds). We cannot decide this question in general, but
we were able to explicitly bound from below the edge expansion of almost every
lift of the bouquet graph B; with one vertex and [ loops. Lifts of these graphs
are essentially equivalent to random 2[-regular graphs so, not surprisingly, we
recover Bollobas’ result [9] in this case; only our proof (and our model) are
somewhat different. A novel argument using e-nets allows us to improve his

bounds slightly.

2.2.1 The Second Eigenvalue

It is well known (See, e.g., [2], [1]) that there are close relations between the
expansion properties of a regular graph and the second-largest eigenvalue of its
adjacency matrix. It is interesting to see what can be said about the spectrum
of a lift, in particular random lifts. We denote the spectrum, as usual, by
d=XM 22X >...>2 A

A simple observation is that if G is a lift of G, then every eigenvalue of G is
also an eigenvalue of G: any eigenvector f (v) of G can be lifted to G by setting
f(©) = f(v) whenever & € G,. It follows that Ao(G) > X2(G), which should be
compared with the fact that a lift cannot have better edge expansion than the
base graph.

In Figure 2.1 we present empirical results for the distibution of the second
eigenvalue of lifts of Petersen’s graph and the complete graph K. In both cases,
10* random lifts were generated and the second eigenvalue was numerically
calculated for each one. Even though the graphs are different, there is a striking
similarity between the distributions.

The average value of Ay, compared with the so-called Ramanujan bound

2vd —1, (cf. [18], [19], [10]), are shown for the two cases. We see that the
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Figure 2.1: Histograms of Ay for Lifts of Two Graphs

(approximate) expectation of the second eigenvalue is below the Ramanujan
bound. Recall that a d-regular graph is called Ramanujan if Ao < 2¢v/d — 1. A
natural problem is to what extent random lifts satisfy the Ramanujan property.
We hope to pursue this question, and similar ones concerning the spectra of

lifts, in the future.

2.3 Random lifts of B

Let G = B, be the pseudo-graph with one vertex and [ loops. An n-lift G of
G has a single vertex fiber V(G) = [n] and the edges are formed by choosing
randomly | permutations o1, . .., 0; and connecting k to o;(k), for every 1 <i <1
and k € [n]. The result is, of course, a d = 2l-regular graph, possibly with loops
and multiple edges. In the census of edges in E(S,S) for S C [n], we count

edges according to their multiplicity. Loops are never in F(S,S) so there is no
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question of how to count them. In this section we prove

Theorem 2 Almost every lift G of G = B; has edge expansion 5(@) > &,
where &y is the smaller root of H(¢/d) = (d —2)/d, d = 21.

Let &(d) be the constant appearing in the Theorem. One can calculate
&o(4) ~ 0.440111 and &,(6) ~ 1.04371. As d grows, £9(d) — d/2 since H=1(1) =
1/2. This is quite easily seen to be tight (see [9]). Exactly the same formula for
a lower bound on the edge-expansion appears in [9] for random regular graphs.
As far as we know, however, the random model for G we used here is not known
to be equivalent (technically, contiguous [14]) to the standard model for random
regular graphs.

The proof has two main parts. The first (Proposition 3) is a bound on the
probability that a random lift has edge expansion below a given £. The second,
given in Propositions 4 and 5, is an analytical calculation which proves that for
& < &, this bound tends to 0 as the order of the lift n — co. We start with the

bound, which is essentially a simple union bound:

Proposition 3 Let P(a,§) be the probability that a random lift of By contains
a set S of cardinality |S| = a and £(S) <. Then

P(a,§) < (Z)H > I (;) (Z:;) (2.3)

0<by,....b1<a
>obi>a(l-€/2)

Proof: Fix a subset S C [n] of the vertices of G. We can calculate the
distribution of |E(S, S)| over the sample space of random lifts. Naturally, this
random variable depends only on a, the size of S. For each permutation o;, let
b; = |[{k € S|oi(k) € S}| be the number of elements of S that o; maps into S.
The number of elements in S mapped outside S is a — b;, and the number of
elements outside S that o; maps into S is also a — b;, so o; contributes 2(a — b;)
to E(S,S) and

1

|E(S,8) =2la—2) b

=1
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whence l
2
&(S)=21- - igﬂ b;

50 &£(8) < Eiff > by > a(l —&/2).
The distribution of b; is easy to calculate explicitly: the probability that
bi =bis

(3) (5=b)
The bound in (2.3) is simply a union bound over all possible choices of such

b; and choices of S of size a. [ |

The probability P(£) that the lift has edge expansion smaller than ¢ is

therefore bounded by

n/2
P(¢) <> Bla)
a=1
where B(a) is the right-hand side of (2.3). Let us set
§ 3
—1->-1_% 2.4
A 21 d 24)

SO

B(CL) = Z Q(a’ablv"'vbl) (26)
0<by,...,01<a

We seek the maximal &, that guarantees P(§) — 0 as n — oo whenever
& < &. As in the proof of Lemma 5, we need to treat separately the small sets
a < on and the large ones dn < a < n/2. Here § is some small constant that
will be determined later (In fact, § = 1/107 will suffice). For convenience, set

n/2 n

on
Y B(a) = Y Bla)+ Y Bla)=
a=1 a=1

a=dn

NG

= B+ DBy

In the following two Propositions we prove Bs — 0 and B; — 0 for the

required &.
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Proposition 4 If £ < & then By — 0.

Proof: Since the number of summands in B is O(n), and the number of
summands in B(a) is also polynomial in n, it suffices to prove an exponentially

small upper bound on Q(a,by,...,b;) in the range
1. dn<a< %n
2.0<h; <a
3. 15 b >

Using (2.1) and (2.2) we obtain:

%logQ Qa,by,...,b) < qla,B1,...,5) (2.7)

where « = a/n, 8; = b;/n and

a— B

l
alen B, ..., 3) = (1 —DH(a) + ZQH(%) (- (). (28)

If ¢ is negative then () — 0 exponentially as required. The following Lemma
determines the points where ¢ is maximized, which enables us to prove that

g < 0 in the required range, for the specified &.

Lemma 6 Let A = Ay C R be the region determined by
1.0<a<1/2
2.0<6; <«
3. %22:1 Bi = Aa.

with 1 > 2 and 1/2 < X\. The function q given by (2.8) attains its global maz-
imum in Ay either when o = 1/2 and §; = A\/2 for all i, or when a = 0 and

Bi =0 for all 1.
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Proof: The concavity of H implies immediately that if 3 = (3" 3;)/I then

Q(auga"'ug) zq(auﬁlu"'uﬁl)

so we may assume that all 3; are equal, 3; = 8 where § > Aa. Note that

(o, B1,..., ) € A implies (a, B,...,3) € A.

We fix o and optimize over a > 3 > Aa. Now

a—pf 1-2a+p
g a—p

This expression is always negative, because § > Aa > %a >«

(a—p)?
B(1 —2a+p)

2

o, fB,...,[0) =log( ) — log( ) = log( ).

8—[3Q(
since A >
1/2 > «. Therefore, to maximize ¢, 8 needs to be as small as possible, namely
B = Aa. We are left with the univariate function f(a) = g(a, A, ..., a).

Explicitly, f is given by

f(@) = (1= DH(@) +1aHX) +1(1 - ) H((1 - N7 fa).
and its derivatives are
flo) = [(1-1Dlog? ;a +IH(N) = LH((1 = M) fa)
l 1—-2a+ A\
+ log ]

1-—« (1-MNa

and
AN—1—a(l-1)(2-2X)

f”(a) = log(e) all —a)(1 —2a+ Aa)

Notice that f”(a) = 0 has at most one root, so f’ has at most a single

extremum. Further,

1. ! = —
ag&f(oz) 00
while
1
"= =
f(2) 2llog1_/\ > 0.

It follows that f’(a) = 0 has exactly one root in the range 0 < a < 1/2,
so f(a) has a unique minimum in that range, and the maximal value of f is

achieved either at a = 0 or o = 1/2 as claimed. ]
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Returning to the proof of Proposition 4, we set A\g = 1 — 52_? Then Ay > 1/2,

the Lemma applies and at the non-zero critical point we have
q(1/2,20/2,...,20/2) = (1 = 1)+ 1H(XN) = 0.

Since A > Ao, ¢(1/2,2/2,...,1/2) < 0. We are assuming here a > dn,
namely « > 4, so ¢ is strictly negative throughout the whole range, and @ is

exponentially small as required. ]

This proof cannot be applied to a = o(n) because ¢(0,0,...,0) = 0. For this
reason we have to deal separately with B;. In fact, small sets a.s. have larger

edge expansion then that given by Theorem 2.
Proposition 5 1. Ifl=2 and £ < 1 then By — 0.
2. If1 >3 and £ < then By — 0.

Proof: Fix a in the range 1 < a < én. Call b= (b1,...,b;) admissible if
0<b; <aand %Zbi > Aa. Suppose b= (b1 + 1,ba,...,b;) is admissible and
b1 > by + 1. Then b= (b1,b2 + 1,...,b;) is also admissible and since

Q(a,bl,bz-f—l,...,bl)ibl-i-l n—2a+b+1 (a—b2)2
Qa,by +1,bg,....0) ba+1 n—2a+by+1 (a—0b)2

we have Q(a,g') > Q(a,g). Starting from any b and iterating this proce-
dure we can find a b with Q(a,b') > Q(a,b) and (up to rearrangements)
V = (bo,bo,...,bo+1,...,by + 1) where by + j/I > Aa for some 0 < j < L.

Let by = (bo, bo, . . ., bo). A similar calculation shows that Q(a,b) > Q(a, b').

It is possible that 50 is not admissible, but it is not far — in fact,
-1
bOZ)\a—TZ)\a—l (2.9)

We have shown that, given a, there exists an integer by satisfying (2.9) so

that Q(a,b1,...,b;) < Q(a,bo,...,bp) for every admissible (b1, ...,b;). It follows

B(a) < d'Q(a, bo, . . ., by) = d (Z)H ((;) (:__b‘f)))l = C(a, bo).

that
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Assume first that [ > 3. Here £ <l so A > 1/2. Let us consider even values
of a; the odd case is similarly handled. Since by is an integer greater than Aa — 1
we have by > a/2. Decreasing by causes C(a,by) to increase, so we may take
bo = a/2.

Set f(a) = C(a,a/2). This is decreasing as a function of I, so it is enough
to consider the case [ = 3. We have
(o) (ars)’

o

If § is small enough, then f(a) > f(a+2) for 1 < a < §n. This follows from

fla) =

a straightforward calculation:

fla+2) _ (a+1)5(a+2)8(n—%a)?’(n—%a—l)g(n—%a—2)3
fla) a®(a/2+1)%(n—a)’(n—a—1)>5

< 9291 210 9 (”—%a)g

> ( +E) (a—|— )m

< 221L2

- n—a-—1

21 J
Ry

Finally, f(2) = O(1/n) and f(4) = O(1/n?) so ‘lsnB(a) =O0(1/n).

The case | = 2 is done in the same manner. The difference is that C(a, a/2)
is not decreasing in this case, but C(a, 3a/4) is. Since we just assumed £ < 1
for I = 2, then indeed A > 3/4 and by > 3a/4 — 1/2 and we proceed as before.

We close this section with some remarks concerning other base graphs. Let
G = (V, E) be a connected graph. Trying to obtain tighter lower bounds on the
edge expansion of lifts of G (tighter than the one obtained from the proof of
Theorem 1), we can use a similar method as the one we used for B;.

To do this, we need a bound on the probability that a set in the lift has

many internal edges (i.e., small expansion). It is easy to write such a bound,
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similar to equation (2.3), using variables a, to parametrize the size of the set
in each fiber G, (instead of the single a in (2.3)) and by, for counting the edges
connecting vertices in the fiber éu to vertices in év. It is then necessary to find
the critical value &y of £ for which the bound tends to 0.

Natural candidates for &y are obtained by setting a,, = n/2 and b, = bg on
the one hand, or else taking a, = 0 for all v € Vj and a, = 1 for v € V' \ V.
We conjecture that, in general, these are indeed the extremal cases. For regular
graphs, this would imply the conjecture stated at the end of Section 2.2.

We have been able to carry out this program for the complete graphs K,
and the results are, once again, the same as those obtained for random regular
graphs. It should be noted that, in many respects, a random lift of K, is
radically different from a random (r — 1)-regular graph (for example, a random

regular graph is not expected to cover a complete graph!).

2.4 An Improved Bound Through e-nets

We now digress from the subject of random lifts to show how the method of
e-nets can be applied to improve the lower bound on the edge expansion of
regular graphs. We demonstrate the method in the standard model for random
regular graphs, although the same can be done for random lifts. To prepare the
ground, we recall briefly the proof of a lower bound on the edge expansion of

random regular graphs from [9].

2.4.1 Random Regular Graphs

The standard probability space used to randomly generate regular graphs is the
collection of perfect matchings among nd vertices, grouped into n clusters of
size d. By shrinking each cluster into a single vertex, we get (with probability
bounded away from zero for fixed d and growing n) a random d-regular graph

G on n vertices.
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Let X be the set of nd vertices. For 1 < a < 1/2 let 8, be the collection of
subsets A C X of size and that are unions of clusters. These are the ones that
yield sets of size an in G. The probability that A € 8§, contains exactly fnd

vertices that are paired to each other in the perfect matching is

_ (and\ ((1 —a)nd N(Bnd)N((1 — 2a + B)nd)
ples) = (57 (o~ ) (= P N(nd)
where N(2v) = ffg; is the number of perfect matchings of 2v vertices. If 3

is so large so that the union bound |8, |p(«, 5) = o(1), then sets of size an with
small expansion will not emerge in G. The relation between S and the edge
expansion £ is

). (2.10)

—

To calculate the union bound U = |8, |p(c, 8) we note that [So| = (), and

rewriting p(a 3) we obtain *

— (ann) (a—p)nd nd/2
v (anfd) ? (B?’Ld/2, 2(a - ﬁ)nd/Q)

and

% logU = (H(a)(l —d)+ (a— B)d+ gH(B, 2(a — ﬂ))) (1 —0(1)).

It turns out that o = 1/2 is the extremal case (we will prove this in the next
section), and so the critical 3 is determined by

H(p) =122

which yields H(¢/d) = %2 since {/d = 1 — 23 by (2.10). This is the same

expression we obtained in Theorem 2.

2.4.2 ce-nets

At the heart of the above proof lies the union bound |8, |p(«, 8). This argument

fails, however, to take into account that if a certain set A has high expansion

1We denote WH as (;Z). Correspondingly, we define H(z,y) = —zlogz—ylogy—

1-—z—y)log(l —z —y).
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(low B), then other sets that have large intersection with A tend to expand,
too. We wish somehow to exploit this fact. Let us first outline the method, in
a general probability space.

The general idea: In the usual setting of the union bound approach, we
are given a family {A;};cs of events and we wish to estimate Pr(UA;). Suppose
that p is some metric on I such that it is possible to estimate Pr(A4;AA;) in
terms of p(i,7). It is then natural to define an e-net in I, namely a set J C I
with the property that for every i € I there is some j € J such that p(i,j) < e.

Applying a union bound to the events {A;};c s may yield better results since
there are fewer events in the e-net J than in the whole of I. It is then possible
to apply these results to all events in I using the information on Pr(A4;AA;).

In our case, let us fix an € > 0 and say that two sets Ay, As € 8, are e-close
if

|[A1 N Az| > (1 —€e)and = (1 — €)|A4]. (2.11)

Now let N, = Ny (€) be a subcollection of 8, with the property that for every
A € §,, there is some N € N, such that N is close to A. This is the e-
net. Since N, is smaller than §,, the union bound implies that the condition
[Na|p(er, 8') = o(1) already holds for some 8 < 3. That is, every N € N,
contains at most §'nd vertices that are paired among themselves. This means
that sets in the net have edge expansion £ = d(1 — §'/«).

By the large intersection property (2.11), every A € 8, has fewer than 5""nd
self-paired vertices, for some 3" which is slightly larger than 8’ but still smaller
than 3. We are left with calculating 8’ and 3”, and then optimizing € to get
the best lower bound possible in this context.

We estimate 3’ as before, using the same formula for p(«, 8). We only need
to estimate the size of Ny (€). For this we note that for every A € §,, the

number of sets B that are e-close to A is at least

2= () (")
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eand

Figure 2.2: The worst case when moving from N to A

By a standard probabilistic argument (see, for example, [3], Theorem 2.2 in
Chapter 1), we can find an e-net with size

1+1log(D+1)

Na| = |84
Nal = 18al 2

SO
«

" logNa| < <H<a> — (aH(e) + (1 — a)H(e >>> (1 - o(1)).

A noticeable feature of this formula is that at e = 0, the derivative of log | Ny |

l1—«

¢

with respect to € is infinitely negative, so that the “immediate gain” from in-
troducing the e-net is infinite.

Given the bound 3’ on self-paired vertices in members of N, we need to
bound from above the number of such vertices in a set A € 8,. Given A, let
N € N, be a set e-close to A. Obviously, the worst case is when A contains all

the self-paired vertices of NV, and in addition all the vertices in A\ N are paired

to ones in N (See Figure 2.2). This gives
ﬁ” S B/ + 20(6

It is convenient to change variables and replace 8 by u = 5/a. To summarize,

we have the following result.
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Proposition 6 Let d >3 and € > 0. Define, for 0 < a <1/2 and 0 < p <1,

g1(e) = H(@)—aH(e)— (1-a)H(7——)
prlap) = —dH(a) +a(l —p)d+ 5 Hlop,20(1 - )
gla,p) = gi(@) + g2(a, ),

ane let py be such that g(a,p) < 0 for every po < p <1 and 0 < a < 1/2.
Then the edge expansion of a random d-regular graph is, almost surely, at least

d(l — Mo — 26).

Proof: For a given €, g; bounds the (logarithm of the) size of the e-net, and
g2 bounds the probability that poorly expanding sets exist in the net. If their
sum is negative, a random regular graph contains a net in which each set has
edge expansion at least d(1 — p) by (2.10), and so every set in the graph has

edge expansion at least d(1 — uo — 2¢). [ ]

We now determine o explicitly.

Theorem 3 For every d > 3 there is an €9 = €o(d) such that if 0 < e < ¢ then

the following holds. Let g be the larger solution of

(1 - H(e)) = 1 — H(uo) (2.12)

ISHI N

then the edge expansion of a d-regular graph is almost surely at least d(1 — o —

2€).

Notice that for ¢ = 0, this gives the same edge expansion as Theorem 2.
Also note that taking the larger solution implies 1o > 1/2.

Proof: Define g1, g2 and ¢ as in Proposition 6. Equation (2.12) is just the

requirement that g(%, o) = 0. The point of the Theorem is that, indeed, a = %
is the critical case. We need to show that if ug is defined by (2.12) then for any

0<a<1/2and pg < p <1 we have g(a, u) < 0. First, for any fixed «, the
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function g(a, ) has a unique maximum at g = «. This follows from

(201 — p))?
ap(l —2a+ ap)

dg  0g 1
— = =" =—ad+ —adl
o o « +2a og

which is easily seen to be negative for ;1 > « and positive otherwise. It therefore
suffices to show that f(a) = g(a, ug) < 0. We have f(07) =0 and f(1/2) =0
by definition. Also, f/(0%7) = —oo and

f(1/2) = —2¢log !

;6 +d(1 —u)loglljlu

which is positive for € small enough. Therefore, if f is not negative throughout
the interval 0 < o < 1/2, it must have at least three extremal points so f” must
have at least two zeros. This is impossible for small € since for € = 0, f” is a

rational function with linear numerator. (In fact, f” is rational with quadratic

numerator for any ). [

To find the best € we optimize 2¢ + p under the constraint (2.12). Using
Mathematica, we find that for d = 3 the optimum is € ~ 0.00029082 which gives
¢ =~ 0.184682, compared with 0.184471 obtained without e-nets (as in [9]), an

improvement of about 0.1%.



Chapter 3

Independence and

Chromatic Number

In this chapter we present bounds on the chromatic number and on the in-
dependence number of typical random lifts, with G fixed and n — oo. For
the independence number, upper and lower bounds are obtained as solutions
to certain optimization problems on the base graph. For a base graph G with
chromatic number x and fractional chromatic number x ¢, we show that the
chromatic number of typical lifts is bounded from below by const - 1/x/logx
and also by const - xy/log” x; (trivially, it is bounded by x from above). We
have examples of graphs where the chromatic number of the lift equals x al-
most surely, and others where it is a.s. O(x/log x). Many interesting problems

remain open.

3.1 Introduction

In previous chapters we discussed the connectivity and expansion properties

of random lifts. Here we investigate the independence number and chromatic

o1
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number.

3.2 The Independence Number

As usual, let a(G) denote the maximal size of an independent set in a graph
G. In this section we present bounds on the size and structure of independent
sets in random lifts of G. Clearly, if G is an n-lift of G' then a(G) > na(G),
since if X is an independent set in G then X = Uvex G, is an independent set
in G. Note that if X is a maximal independent set in G, then X is maximal
independent in G. However, there may be larger independent sets in G which
are not a union of fibers.

For aset X C V(G), welet X, = XNG, be its intersection with the fiber over
v € V(G), and we set x, = | X,|. A profile on G is a function f : V(G) — [0,1].
A set X determines a profile by f(v) = z,/n, which represents the way X
is distributed across the fibers. We present bounds on the probability that
independent sets X exist, according to their profiles.

We need some definitions. Let
H(zy,...,2,) = —inlogxi —(1=>,@i)log(1 =", x)
be the entropy function (all logs are to the base 2), and set
I(z,y) = H(z) + H(y) — H(z,y)

letting I(z,y) = oo if z +y > 1. For a profile f : V(G) — [0,1], let

and

ho(f)= Y H(f(v))—logle) > flu)f(v).

veV(G) [u,v]€E(GQ)

It is easily seen that

I(z,y) > log(e)zy
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and therefore h(f) < ho(f) for every profile f. Though h(f) yields tighter
bounds, it is often easier to work with hg. The fundamental result is the follow-

ing:

Lemma 7 Let G be a graph, and let f : V(G) — [0,1] be a profile on G. The
probability P that a random n-lift G — G contains an independent set X with

profile f satisfies P < 2"/,

Proof: Fix a set X C V(G) with z,/n = f(v). The probability that X is

independent is

1 ("2e”)
[u,v]€E(G) (‘/E’n;l/)

since ("a_b)/ () is the probability that a random permutation on [n] takes a

fixed a-set to a set disjoint from a fixed b-set. Therefore, the probability that
some independent set X with this profile exists does not exceed
n ("an")
B= 1] ( ) M gy
)

Ty
veV (G [u,v]€EE(G) \Tu

Using the bounds

n < 2nH(acv/n)
Ty -
((zu;) < 27nl(xu/n,zu/n)
we obtain
B < onh(f)
as stated. [ |

When h(f) < 0, this bound tends to 0, exponentially in n. In this case,
almost surely no independent sets with profile f exist in G. The same holds, of

course, when ho(f) < 0. This leads us to define

a(@) = max{ 37 /()| (/) 2 0}
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and
0(@) = max{ 3" £(v) | ho(f) 2 0}.

The following two results are immediate corollaries of Lemma 7.

Theorem 4 Almost every n-lift G — G satisfies

a(G) < na(G) < nao(G).

Proof: Given n, there are only (n + 1)IV(@| profiles f such that nf(v) is an
integer for every v. Therefore, the probability that there is an independent set
X for which the profile f satisfies h(f) < 0 is o(1). In particular, this is the

case for sets X with size larger than na(G), by the definition of a(G). [ |

Another useful bound concerns sets that have large intersection with each

fiber.

Corollary 3 Let G be a graph with k vertices and ¢ edges, and suppose that
satisfies kH(8) < £-1(B,8). A random n-lift G — G almost surely contains no

independent set X such that X N G, > Bn for every v.

Proof: It is enough to show that a.s. there is no independent set with
exactly nf vertices in each fiber. Let fz be the constant profile fz(v) = B.
The probability that an independent set X exists with z,, = nf is smaller than
27h(fs), Now

h(fs) = kH(B) — (- 1(3,8) <0

and so, almost surely, no such independent sets exist in G. ]

The average degree of a graph G with k vertices and ¢ edges is d = d(G) =
20/k.

Corollary 4 Let G be a graph with average degree d, and suppose that B sat-
isfies d3/2 +1Inf3 > 1. A random n-lift G — G almost surely contains no

independent set X such that X NG, > Bn for every v.
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Proof: Since h(fz) < ho(fs), it suffices to show that ho(fz) < 0 for 8
satisfying d3/2 +In 3 > 1. Now ho(fs) = kH(3) — log(e)¢3%. Using the easy
inequality H(z) < —zlog(z) + log(e)x for x > 0,

ho(fs) < —kBlogp +log(e)ks — log(e)ts?
= —kBlog(e)(InpB —1+dj3/2)

< 0

as required. [ |

Some remarks concerning the tightness of these bounds are in order. Let f

be a profile, and for S C V(G) let
WES) =3 H(fW)= Y I(f(w), f).
vES [u,v]€ E(G[S])

It is possible that h(f,S) < 0 for some S even when h(f) > 0. Obviously,
the proof of Theorem 4 shows that sets with such a profile almost surely do not
exist — one just needs to restrict the proofs to the subgraph G[S] spanned by
S. A natural conjecture is that the independence number of a random lift is,
almost surely, (1+0(1)) Y f(v) where f is the profile which maximizes 3 f(v)
while satisfying h(f,S) > 0 for every S C V(G).

3.2.1 A Greedy Lower Bound

To find an independent set in a lift G of G, we may proceed as follows. We fix
an ordering of G’s vertices vy, ..., v,, and choose the desired profile ay, ..., a,
with the intention of finding a;n independent vertices in évl, aon independent
vertices in év2, and so on. At the k-th step of this procedure, some of the
vertices in G, cannot be used since they are adjacent to vertices selected in

some G; with i < k. However, if
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we are likely to succeed in finding axn additional vertices in Gy, that are not

adjacent to the previously selected ones.

Proposition 7 Let V(G) = {v1,...,v,} and suppose that {aq,...,a,} satisfy

for every 1 <k <r

0<ar< H (1 — ). (3.1)

<k
1€E(G)

4
[vi vk

Let S =" «a;. For every e > 0, a random lift G of G almost surely contains

an independet set of size n(S — ¢€).

Proof: By replacing each positive «; by @ — ¢/r, we may assume that for
some positive ¢,

0<ay< (3.2)

This reduces S by e, and so it suffices to show there is almost surely an
independent set in G with a;n vertices in évi for every 1 < i < r, where the «;
satisfy (3.2).

To see this, it is useful to consider the lift as being generated as we proceed.
Namely, the edges between v; and vy, ...,vx_1 are being randomly lifted only
at the k-th stage. This yields the usual random model for the lift G. Tt is now
obvious that the vertices in G, that cannot be used are the union of random
subsets of size a;n, for 1 < i < k such that [v;,vx] € E(G). The probability
that the complement of this union is smaller than n [[(1 — a;) — § is o(1), and

the claim follows. [ |

To get the most out of this result we need to find an optimal ordering of the
vertices and then optimize over the «;. For example, when G = K3, it is easy
to see that the optimum is a3 = ag = % and az = %, which yields S = g. This
is, however, not optimal, as a random lift of K3 always contains an independent

set of size 3n(1+ o(1)).
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In fact, a random lift of a cycle always contains an independent set with
%n(l +0(1)) vertices in each fiber. This suggests an improvement to Proposition
7. Given G with x(G) > 3, start by choosing an odd cycle C' in G. For vertices
v; € C we can guarantee a; = %, and for the other vertices we choose a, so as to
satisfy (3.1). For example, this implies that lifts of K a.s. have an independent
set with «; = % fort=1,2,3 and ay = %, yielding S = % = 1.625. This is the
current best lower bound. An upper bound can be obtained from theorem 4: A
random n-lift of K, a.s. does not contain an independent set with more than
1.8363n vertices.

Finally, let us consider the case in which all the «;’s are equal to the same
number z. Condition (3.1) then becomes z < (1 — x)? where d is the degree of
vk in the subgraph spanned by vy, ..., v;. To minimize d, we proceed as follows.

The degeneracy of a graph G is defined as dgn(G) = max§(H) where the
maximum is over all induced subgraphs of G (see, e.g., [15]). Choosing the
ordering v, ..., v, backwards, taking v, to be a vertex of degree 6(G) and in
general taking vi_1 to be a vertex of minimum degree in G \ {vg,...,v,}, we
can make sure that the exponent d above is never larger than dgn(G). For d

large, the solution to z = (1 — x)? is (1 + o(l))%,

3.2.2 The Independence Number of Lifts of Complete Graphs

Combining the lower bound from the previous section with Theorem 4, we can
determine the asymptotics of the independence number of random lifts of K,

(as r — 00).

Proposition 8 The independence number of a random n-lift I/(::l of a com-

plete graph a.s. satisfies

—~—

a(Kr+l) = Gr(n log T)

Proof: For a lower bound, set o; = C 10% for all ¢ in Proposition 7, with
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C = 1/3, for example. Condition (3.1) is satisfied since

<1 B Clogr>r > =20 > Oloﬂ'
T T

(The left inequality follows from e=2¢ < 1 —¢ for ¢ < 1/2). Therefore, there
exists an independent set of size at least Q(nlogr). Alternatively, this follows
from corollary 5.

We now turn to the upper bound, usign Theorem 4. Let V(K,41) = [r + 1]
and let f : [r+ 1] — [0,1] be a profile. Set 1 = f(1) and x2 = f(2). Let f’
be obtained from f by averaging the values of f(1) and f(2); that is f/(1) =
f'(2) =z := BE22 and f/(i) = f(i) for i > 2. We claim that h(f’) > h(f).

Indeed, consider the difference h(f")—h(f). Noting that H(a)+H (b)—1(a,b)
is just H(a,b), we get

h(f') = h(f) = H(Z,7) — H(z1,22) + > (w1, 25) + (w2, 2;) — 20(Z, ;)

i>2
which is positive since H(Z,Z) > H(x1,x2) (entropy is maximal for the uniform
distribution) and I(z,c) is convex in z for constant c.

It follows that if f is a profile with h(f) > 0 then also h(f) > 0 where
f the constant profile obtained by averaging all the values of f. To bound
the independence number of I/(::l from above it therefore suffices to consider
constant profiles.

Let f be the constant profile with values p at all vertices. We need to
estiamte the critical value of p for which h(f) = 0. We will consider ho(f) = 0
instead since this saves some calculation and essentially does not change the

end result. We have

r(r + 1)p2

(r+ 1) H(p) = log(e)
which can be restated as (the o(1) terms are with respect to r — 00):

2(1 4 o(1)pInp = p2(1 + o(1)).

r
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This is achieved at

p=220040(1)),
so (i) < O(logr) and a(K,+1) < O(nlogr). n

The upper bound on the independence number provides a lower bound on
the chromatic number of typical lifts of K,: For a.e. lift, x(K,) > Q(r/logr),
where x(G) denotes the chromatic number of a graph G. In Section 3.3.3 we

will see that this is essentially tight.

3.3 The Chromatic Number

We now turn to investigate the chromatic number of random lifts. There is an
obvious bound for the chromatic number of any lift G of G: a coloring of G
can be “lifted” to a coloring of G by coloring all the vertices in each fiber with
the color of the corresponding vertex in G. This means that x(G) < x(G). We
are interested in finding non-trivial upper and lower bounds for the chromatic

number of typical lifts.

To this end, it is convenient to define:
Definition 6 Given a graph G, let
(@) = min{k | x(G) < k for a.e. lift G — G}
Q) = max{k | x(G) > k for a.e. lift G — G}

These are the essential upper and lower bounds on the chromatic number
of lifts of G. For non-trivial graphs G we have 2 < \;(G) < xn(G) < x(G).
A natural conjecture is that the chromatic number of random lifts satisfies a

zero/one law and is essentially single-valued:

Conjecture 1 For every graph G, x1(G) = xn(G).



60

We will see some examples of graphs G for which this conjecture is true.
A trivial case is for bipartite graphs: If G is bipartite, every lift of G is also
bipartite and so x; = X = 2 in this case. The following is a very simple lower

bound on y; for non-bipartite graphs:
Lemma 8 If x(G) > 3 then x;(G) > 3.

Proof: Since x(G) > 3, G contains an odd cycle. A random lift of an odd
cycle a.s. contains a component that is an odd cycle as well (since the cycle

structure of a random permutation a.s. contains an odd cycle). ]

This is a lower bound on the chromatic number of typical lifts. For every
graph G there do exist bipartite lifts of every even order: the 2-lift G which
assigns to every edge the transposition (12) is bipartite, and so is every lift of
Glo. Similarly, by assigning the permutation (123)(45)(67) ---(n—1n) to every
edge, one obtains 3-chromatic lifts of any odd order n.

Example: Let G be a graph with maximal degree A(G) < 3. By Brooks’
Theorem, every lift of G is 3-colorable, and we have just seen that it is a.s. not
2-colorable, so conjecture 1 holds for these graphs with x;(G) = x1(G) = 3. The
simplest case where we do not know whether a zero-one law holds is G = K.
We have 3 < xi1(K5) < xi(K5) < 4, and it is possible (though, we believe,
unlikely) that both 3-chromatic and 4-chromatic random lifts occur with positive

probability.

3.3.1 Lower Bounds

We begin with a lower bound on the chromatic number of almost all lifts of G,

given in terms of the chromatic number of G itself.

Theorem 5 For every graph G,

X(G)

xi(G) = 3oz (@)



61

Proof: Suppose that G is colored with the colors 1,...,s. For each color 1,
let

V; = {v € V(G)|i is the most frequent color in G}

breaking ties arbitrarily. For v € V; let I, C év be the vertices over v that are
colored by the color i. Note that |I,,| > n/s for every v, and that |,y 1o is an
independent set in G. Set 8 = 1/s, so that |I,| > fn.

Let » = x(G). Since the sets V; partition V(G), there is some j € [s] such
that the chromatic number of G[Vj] is at least k = r/s. It follows that G[V]
contains a subgraph H with minimal degree §(H) > k—1,s0d = d(H) > k—1.
The set Uvev( H) I, is independent, so by the condition of Corollary 4 we must
have

dB/2+1np < 1.

(Note that for any subgraph H of G, the subgraph of G induced by the fibers
above H is a random lift of H; moreover, since the number of subgraphs H is
bounded while n — 0o, a statement that is true almost surely for a random lift
is true almost surely for the lifts of all H simultaneously.) Then

r—s
252

—Ins < 1
r < s+25%(Ins+1)

r < 5s’lns

where the last inequality holds for s > 3 (we may ignore s = 2 by Lemma ).

From this it follows easily that s? > [ |

r
3lnr"

Currently, we have no example where x;(G) would be o(x(G)/log x(G)).

The following problem seems quite interesting:

Problem 1 Is it true that for every graph G,

Xi(G) = Qx(G)/log x(G))?



62

In Section 3.3.3 we will see that for large complete graphs, x; is indeed as
low as ©(x/log x). We now prove a lower bound on the chromatic number of a

random lift in terms of x(G), the fractional chromatic number of G.

Definition 7 For a graph G, the fractional chromatic number x ;(G) is defined
as the solution Z of the following optimization problem: Let J be the collection of
all independent sets in G. We seek a mapping ¢ : J — R such that Doreg®) =
Z is minimized while for every x € V(G),

> o) > 1. (3.3)

Ieg
xel

Any mapping ¢ satisfying these condition is called a fractional coloring of
G. If G is properly colored with x(G) colors, we can define a fractional coloring

by letting ¢(I) = 1 if I is a color class and ¢(I) = 0 otherwise, whence xr(G) <
X(G).

Theorem 6 For every graph G,

oy 0 249

log” x(G)

Proof: Suppose G is colored with the colors 1,...,s. As in the proof of
Theorem 5, we assume that each restricted lift H — H satisfies the conclusion
of Corollary 4. Our plan is to slightly modify the coloring of G, use the color
classes to obtain weighted independent sets in G which satisfy the requirement
(3.3), and finally estimate the total weight to bound x;(G).

The new coloring of the vertices of G uses the set of colors [s] x [k], where
k = O(logs). Let C; be the class of vertices in G that received (old) color i.
The new color of a vertex o € C; NG, is (i, ), where j is such that 11C; NG,| €
[277,279%1]. More precisely, this holds for all vertices such that 1|C;NG,| > &,
while the vertices with |C; N év| < 5= remain uncolored. We note that at least

half the vertices in each fiber are colored, because there were s color classes
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originally, and we have only ignored classes that occupied less than 1/2s of the

vertices in a fiber. The total number of colors is now O(slog s).

Letting C; ; denote the new color classes, we see that the sets C; ; are disjoint,
they cover at least half of each fiber, and each one is an independent set in G.
Furthermore, by definition, whenever C; ; intersects a fiber, the intersection has

size at least 27 9n.

Let A; ; be the “shadow” of C; ;, namely the collection of vertices v in the
base graph G for which C; ; N G, is nonempty. For any subgraph H of GlAi ],
there is an independent set with occupancy at least 277 in the lift of H, and by
Corollary 4 we must have d(H) < O(275). In other words, A, ; has degeneracy
O(277), and in particular it can be partitioned into O(275) independent sets
Lijq-

These sets I;;, support our fractional coloring of G. We assign the weight of
#(1ij4) = 27771 to each I;j,, and from the construction of C; ; we see that the
total weight at each vertex is at least 1, and so we have a fractional coloring.

The total weight of this fractional coloring is at most

s O(logs) O(2795) O(log s)

Zl Z Z 27t — Z 0(j) = O(slog® s).

We have shown that a.s. x;(G) < x(G)log? x(G), from which the desired

inequality follows. ]

Theorem 6 shows that if there are examples of graphs with X;(G) much
smaller than x(G)/log x(G), they may not be easy to find, since only very few
constructions of graphs with xy much smaller than x are known. The most
notable such construction are perhaps the Kneser graphs (see e.g. [15], [23]),
but these do not seem to provide a good example for our problem, at least in

their usual version.
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3.3.2 xi(G) and Variations on Graph Coloring

In proving the bounds in the previous section, we have transformed a coloring
of a lift into a coloring, or fractional coloring, of the base graph. The latter is
natural since a coloring of a fiber G, defines a “mixture” of colors at v. These
considerations lead us to constructions on the base graph which are variations
on the classical notion of coloring.

Our first example is this: The degeneracy of a set S C V(G) is defined as
dgn(G[S]), the degeneracy of the subgraph spanned by S (see Section 3.2.2).
Thus an independent set has degeneracy 0 and a cycle-free set of vertices has
degeneracy < 1. Coloring a graph entails covering the vertex set by 0-degenerate
subsets. We now allow for using non-disjoint, non-independent subsets, where
the contribution of a dependent set to the solution is reduced. Specifically, a

set .S contributes Tan( to every vertex x it contains, and we seek a weighted

1
S)ES]

cover, so the total contribution should be 1 everywhere. Formally:

Definition 8 Given a graph G, let

L(@Q) = min{k‘EISl,...,Sk C V(G) such that (3.4)

Zi:IGSi W‘;%)"'l 2 1 for all x € V(G)}

Again, we see that L(G) < x(G) since we can take the color classes as the

sets S;. A simple adaptation of the proof of Theorem 6 shows that

Proposition 9 For every graph G,

0(G) = 0 ( L(©) ) |

log?(L(G))

The following lift-free result now provides an alternative proof of Theorem
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Lemma 9 For any graph G,

Proof: The left inequality is trivial, as observed above.

Let S1,..., Sk be sets satisfying the condition in (3.4). Let
J ={jlden(S;) <2k — 1}
The sets S, j € J cover V(G) since for every vertex z,

N =

> o>
ey dgn(SJ) + 1
wESj

The result follows easily, since each S; for j € J can be colored using at
most 2k colors, and using a different palette of colors for each j we have colored

G by less than 2k? colors. [ |

It is possible that the lower bound in Lemma 9 is not tight, and any signif-
icant improvement on that bound brings us closer to solving Problem 1. The
question of improving Lemma 9 has nothing to do with lifts, and it seems quite
interesting in its own right.

We have defined L(G) as a “covering version” of the degeneracy. More
generally, for any real-valued graph parameter ¥(G) attaining values in [1, 00)

for all nonempty graphs, we can define

cover-¥(G) = min {k } 384,...,8, C V(G) such that
S iwes, wisy > Lforall z e V(G)}.

With this notation, L(G) = cover-dgn, (G), where dgn, (G) = dgn(G)+1. These
notions for various graph parameters ¥ seem to be of independent interest.

Let us note that if ¥ has value 1 for independent sets then always cover-U(G) <
X(G). On the other hand, if U(G) > x(G) for all G, then considerations
as in the proof of Theorem 6 show that cover-U(G) > x;(G). We also have



66

cover-U(G) > Q(4/x(G)), by the same argument as in the proof of Lemma 9.
So for various graph parameters ¥ bounding x(G) from above, we get new graph
parameters cover-¥ sandwiched between x s and x.

For the smallest of such parameters, namely cover-y(G), we have

cover-x(G) < L(G)

and so we can try to approach Problem 1 by improving the just mentioned
lower bound cover-x(G) > Q(1/x(G) ). But here we can show that this bound
is tight. An example showing this is the following Kneser-type graph, denoted
by Ds; = (V, E), where

all vectors in ({*} U [s])3* in which exactly 2s components are x,

E = {[u,v]: there is no ¢ with u; = v; # *}.

Using topological methods (see Appendix A), it can be shown that x(D;) >
s2. On the other hand, cover-y(Ds) < O(s): consider the sets Ay, ..., Az where
A; = {u]u; # x}. Each A; can be colored with s colors, corresponding to the
values of u;. In addition, every vertex belongs to exactly s of the A;’s. It follows

that cover-y(Ds) < 3s.

3.3.3 An Upper Bound

We use a result of Kim [16] to give an upper bound on the chromatic number
of almost all lifts of G, in terms of the maximal degree A(G). First we need a
lemma, which says all subgraphs of constant size in a random lift are trees or

unicyclic.

Lemma 10 Let G be a graph and let M be any fized integer. A random lift
G of G has the following property almost surely: Every subgraph H C G with
|V(H)| < M also satisfies |E(H)| < M.
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Proof: Let X be a collection of at most M vertices in V(G). The probability

that X spans more than M edges is smaller than 2M2(ﬁ)M+l: the number

of possible sets of edges is bounded by 2M2, and for a given potential edge,

1

—7» even if we

the probability that it exists in the random lift never exceeds

condition on the situation of other potential edges.
The number of possible sets of vertices X is less than (n|V(G)|)M. Tt follows
that the expected number of exceptions to our claim is o(1) and by Markov’s

inequality the property holds almost surely. [ |

Subgraphs of larger size are, of course, not so degenerate, for example be-

cause almost every lift of G is §(G)-connected (see chapter 1).

Theorem 7 Let G be a graph with mazimal degree A = A(G). Then

%(G) < T (14 0a (1))

It is important not to confuse the two asymptotic variables in this result:
The maximum degree A and the order of lift, hidden in the definition of y4.

Proof: Let G be a lift of G. From the lemma, we may assume that the
triangles and 4-cycles in G are disjoint, because adjacent triangles or 4-cycles
are subgraphs with fewer than 8 vertices and more edges than vertices.

Let T be the set of vertices that are contained in triangles or 4-cycles. Re-
moving T from G yields a graph with maximum degree A and girth at least 5.
Kim proves in [16] that such a graph can be colored with 25 (1 + o(1)) colors.

The vertices in T' can be colored with three extra colors, and the result follows.

As a corollary, we can determine the asymptotic behaviour of x([@), the

chromatic number of random lifts of complete graphs.

Corollary 5 There exist constants A > B > 0 such that

r

> xn(Ky) > xu(K,) > B

logr = Tlogr’
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Indeed, the upper bound follows immediately from Theorem 7, and the lower

bound was obtained in Section 3.2.2. [ |

It is interesting to see that the drop in chromatic number of lifts of K. occurs,
in a sense, already for lifts of order 2. A random 2-lift of K, is a graph H with
V(H) = V1 UVs. Each edge e = [i, j] of K, is covered either by a “parallel” pair
of edge [i1,71] and [ig, j2] or by a “crossed” pair [i1, j2] and [iz, j1], depending
on whether the permutation assigned to e is trivial or the transposition (1 2).

The subgraphs H[Vi] and H[V;] induced by Vi and V; respectively are
isomorphic, and are in fact drawn uniformly from the random graph model
G(r,1/2). The chromatic number of such graphs [8] is a.s. (1 + o(1))r/In(r),

and so the chromatic number of H is at most 2r/ In(r).

3.3.4 Persistence of the Chromatic Number

In contrast to the situation with complete graphs, here we present examples of
graphs for which the chromatic number of typical lifts equals that of the base
graph.

For a graph G, let H denote the graph obtained by replacing each vertex of
G by an independent set of size r; formally V(H) = V(G) x [r] and E(H) =
{[(w,8), (v, )] [ [u,v] € E(G),1,j € [r]}.

Proposition 10 For any graph G with x(G) > 2, put r = 3x(G)log x(G),
and let H be constructed from G as above. Then almost every lift H of H has

chromatic number x(H) = x(H) = x(G).

Proof: Let H be a random lift of H and let & : V(H) — [s] be a coloring
of H, s = x(H). We define the mapping ¢ : V(G) — [s] by letting ¢(v) be the
color occurring most often in the union of the fibers Uie[r] H (v,i), breaking ties

arbitrarily.
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We show that, almost surely, ¢ is a proper coloring of G. For v € V(G), let
Xy,i be the set of vertices of the lift H in the fiber fl(w-) colored with the color
c(v), and let Xy = {J;e(,) Xv,i- It suffices to show that if [u,v] € E(G), then a.s.
there is an edge of H connecting a vertex of X, to a vertex of X,.

Set a; = |Xyu4|/n and B; = |X,|/n. We have |X,| > 25 by the choice
of ¢(v), and so ) ;3 = X with A > T = 3logs. We may actually assume
A = L (if X, has more vertices we discard some of them). Similarly, we assume
Zj Bj =A

The calculation is now very similar to the one in the proof of Lemma 7. If

the «; and the §; are fixed, the number of ways of choosing the sets X, and X,

is at most

on(32; H(ai)+32; H(B;))

The probability that there is no edge between fixed sets X, and X, with the

given sizes of the intersections with the fibers is bounded by

on(2; ; I(@iyfBs))

In order to show that ¢ is a proper coloring for a particular choice of the «;’s

and f;’s (with 37, a; =3, 8j = A = 3logs), it is enough to verify that
D H(oa)+ D H(B) < I(ay, ) (35)
i j ij

Since I(a,3;) > log(e)a;3;, the right-hand side is at least log(e)A\?. By con-
cavity of the function H (-), the left-hand side is at most 2rH(\/r) = 2rH(1/s).
So it suffices to check that 2H(1/s) < 3log(e)log(s)/s for all s > 2, and this is
indeed true (elementary calculus).

There are infinitely many possible choices of the «;’s and 3;’s. But since the
difference of the right-hand side and of the left-hand side in (3.5) is bounded
away from 0 uniformly for all o; and j5; (for fixed s), each application of the
above argument with a given collection of ;’s and f3;’s actually covers a small

range of a;’s and f3;’s, and the whole space of possible a;’s and f3;’s is covered
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by a bounded number of such ranges. So the chromatic number of the random

lift is

3.4

a.s. equal to x(G). [

Conclusion

This chapter is an initial study of the independence number and chromatic

number of random lifts. Many interesting questions remain open, and some of

them
main

most.

may be quite challenging. Their formulation is, in our opinion, one of the

contributions of the present work. Here we repeat those which we like

(Precise values of «) For a given graph G, determine the constant A =
A(G) such that the independence number of a random n-lift of G is a.s.
(14 0(1))An. (Azuma’s inequality or similar tools imply that the inde-
pendence number of the random lift is indeed concentrated and so A(G)
is well defined.) In particular, what is A(K4)? Our results show that
1.62 < A < 1.837. Is the upper bound obtained from the “first moment

method”, formulated at the end of the first part of Section 3.2, tight?

The question about A(K4) seems to be closely related to the independence
number of random 4-regular graphs. Again, the independence number of a
random 4-regular n-vertex graph is a.s. (14 o0(1))Bn for some constant B,

but the value of B seems to be unknown.

(Zero-one law) Is there a zero-one law for the chromatic number of random
lifts? In particular, is the chromatic number of a random lift of K5 a.s

equal to a single number (which may be either 3 or 4)?

(Gap between chromatic numbers) Are there graphs G such that the chro-
matic number of their random lift is a.s. o(x(G)/log x(G)), or perhaps

even close to /x(G)?
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e What about the “cover-degeneracy” L(G): can it be much smaller than
X(G)? (Currently we even have no example with L(G) < x(G).) Can one
find some reasonable graph parameter ¥(G) that upper-bounds x(G) and
such that cover-¥(G) is always close to x(G)? (For example, what about

U(G) being the maximum degree of G plus 17)



72



Appendix A

The Chromatic Number of
Dy

We prove here a lower bound on the chromatic number x(Ds) of the graph
D, defined in Section 3.3.2. First we need a slightly different representation of
this graph: we represent it as the disjointness graph of some set system. Let
X = [3s] x [s] be a ground set and let Ly C 2% be the system consisting of all
s-element subsets of X having the first components of their elements pairwise
distinct. The graph D; is isomorphic to the graph D’ with vertex set Ly and
edges being pairs of disjoint sets. The isomorphism is defined as follows: to a

vector v € V(D) assign the set
{(G,vi) |7 € [3s],v; # %} € Lo = V(Dy)

We use Theorem 4.13 from [21], a slight generalization of theorems by
Sarkaria [23], [24]. Let oV denote the N-dimensional simplex with vertex set
[N + 1]. In what follows, simplicial complexes are abstract (i.e. hereditary set

systems), and || K|| denotes the polyhedron of a simplicial complex K.

Theorem 8 Write A = o and let K be a subcomplex of A. Put L = A\ K

73
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and let Lo be the set of all inclusion-minimal simplices in L. Suppose that
x : Lo — 2™ \ {0}

is a coloring of the simplices of Lo by nonempty subsets of an m-element set,

which satisfies the condition

o1Noy=0= x(o1) N x(o2) =0. (A.1)
Then for d < N —m — 1 there is no embedding | K| — R9.

In our case, the vertex set of A is identified with X = [3s]x[s],so N = 3s?—1.
The set system L (the supersets of the sets in Lg) consists of all subsets of X
with at least s distinct first components. Thus, K consists of all sets with at
most s — 1 distinct first components. So K is a simplicial complex of dimension
(s—1)s—1, and thus it can be embedded into R? with d = 2s(s—1) — 1. Hence,
by the theorem, there is no coloring of the sets in Ly by nonempty subsets of
[m] for

m=N—-d—1=3s>—-1-2s(s—1)+1—1>s°

In particular, there is no proper coloring of the graph D, by at most s2

colors, so x(Ds) > s2.
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